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Abstract
The Degree constrained Minimum Spanning Tree Problem (DMSTP) consists in finding a minimal cost spanning tree satisfying the condition that every node has degree no greater than a fixed
value. We consider a generalization with a more general objective function including modular costs
associated to the degree of each node. We present linear programming models together with some
valid inequalities and compare their respective linear programming relaxations using instances with
up to 100 nodes.
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Introduction

Consider an undirected graph G = (V, E) with V = {1, . . . , n} and let ce ≥ 0 denote the cost of edge
e ∈ E. The problem of finding a minimum spanning tree in G is well known and is solved in polynomial
time (see, for instance, [12, 16]). In general, the problem becomes NP-hard when additional constraints
on the spanning tree topology are required. One example is given by the well studied Degree constrained
Minimum Spanning Tree Problem - DMSTP - (see the recent work of Cunha and Lucena, [6], and the
references inside) which is known to be NP-hard. This constraint is usually motivated by the need to
impose a limit on the number of ports in each node. However, the studies on the DMSTP ignore the
intuitive and realistic generalization having an objective function that also considers costs on the nodes
which depend on the value of the corresponding degree. It is quite intuitive to assume that nodes with
degree 1 should be cheaper than nodes of degree greater than 1 and that the higher the degree is the
greater is the corresponding node cost. In this presentation we describe one such generalization where
the node costs are motivated in the context of a telecommunications network.
The node degree dependent costs are associated to multiplexing equipment that needs to be installed
at the nodes of the network that are connected to more than one link. This equipment consists of a
switch matrix and interface modules. Whenever a packet reaches one node in these conditions, the switch
matrix needs to make a decision (based on the information on the packet’s header) through which port
(of the interface modules installed on that node) the packet should be sent through. Then the packet
is placed in the respective queue. Each interface module has a fixed number of ports that may be, or
not, all in use. More than one interface module can be installed in every node permitting the increase
of the number of links connected to that node. The degree dependent cost of any non-leaf node is then
given by the switch matrix cost plus a cost per interface module (dependent on the number of interface
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modules installed) and is defined as, f k = P1 + k · P2 , ∀k ≥ 1. The parameters P1 and P2 are respectively,
the switch matrix cost and interface module cost, k is the number of modules needed to support all the
rerouting connections at the node. Let B denote the module capacity (the fixed number of ports in any
interface module), deg(i) denote the degree of node i ∈ V in a given feasible solution and let D + 1 denote
the maximum number of links that a node can support (that is, deg(i) ≤ D + 1 for
 any node i). Then
the maximum number of modules that need to be installed in any node i is K = D+1
. We define an
B
objectiveP
function that involves the term on the sum of the edge costs as well as a term on the node
degrees, i∈V f (deg(i)), such that:

f (deg(i)) =


0

f1
 k
f

if deg(i) = 1
if 2 ≤ deg(i) ≤ B
if (k − 1) · B + 1 ≤ deg(i) ≤ k · B

k = 2, . . . , K

The cost function f (deg(i)) is typical of the so-called Network Loading Problems (see for instance [4, 5, 7,
13]). In these problems, the loading constraints are usually imposed on the arcs of the network. Problems
including discrete node costs as well, are described and studied by Höller et al. [10] and by Höller and
Voß [11]. In our work we focus only on discrete node costs, similarly to the study described in Belotti et
al. [1]. However, our study focus on tree networks.
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Integer Programming Formulations

Although the original problem has been defined with symmetric edge costs, we will focus our presentation
on directed formulations since it is known that directed formulations lead, in general, to models with
a tighter LP bound (see, for instance [14]). To view the problem as a directed one, we consider the
problem of finding a minimum cost arborescence rooted away, for instance, from node 1, in a directed
graph G = (V, A) where A is the set of arcs such that for each edge e = {i, j} ∈ E, we have two arcs
(i, j), (j, i) ∈ A with the same cost as the original edge. Edges e = {1, j} ∈ E are replaced only by a
single arc (1, j) ∈ A.PWe also let A+ (i) (A− (i)) denote the set of all arcs diverging from (converging to)
node i and Φ(S) = (i,j)∈S φij . With respect to a generic model (P ), let (P ) and V (P ) be, respectively,
the LP relaxation and the optimal value of model (P ).

2.1

Integer Non-Linear Programming Formulation

Let hDST i denote the convex hull of incidence vectors of directed spanning trees rooted at node 1. Consider binary variables xij indicating whether arc (i, j) is in the solution and integer variables ui such that
ui = deg(i) − 1 in the solution. The problem can be modeled as an integer non-linear program (N LF )
(see Figure 1).
Constraints (2) are given in a generic form and can be represented by several equivalent sets of linear
constraints (see for instance [14]) that either involve only the xij variables (leading, in general, to exponential sized sets of inequalities) or involve other variables as well (leading, in general, to compact
formulations). One well known such formulation is the so-called multicommodity flow formulation and
will be used in our computations. Constraints (3a) and (3b) define the outdegree of every node and relate
the two sets of variables. Since the solution is viewed as directed away from node 1 and one single arc
is incident into every node, except the root node, the given constraints differentiate the two cases (root
node and non-root nodes). Constraints (4) are upper bound degree constraints and constraints (5) define
the domain of the ui variables.

2

X

(N LF ) min

cij xij +

f (ui + 1)

(1)

i∈V

(i,j)∈A

s.to :

X

x ∈ hDST i

(2)

X(A+ (i)) = ui

∀ i ∈ V \{1}

+

X(A (1)) = 1 + u1

(3a)
(3b)

ui ≤ D

∀i∈V

(4)

ui ∈ N0

∀i∈V

(5)

Figure 1: Non-linear Formulation

2.2
2.2.1

Integer Linear Programming Formulations
Discretized Formulations Part I: Discretizing the Node Variables

This formulation uses ”new” binary variables yid , (i ∈ V, d ∈ {1, . . . , D}) indicating whether node i has
degree equal to d + 1 in the tree solution. We obtain the discretized model from the previous non-linear
model, by using
ui =

D
X

d · yid

,∀ i ∈ V

(6)

d=1

to replace each occurrence of the ”old” variables ui by the right-hand side of the previous relation and by 
PD
d
including the consistency constraints (9). After the transformation, the non-linear term f
d=1 d · yi + 1

in the objective function can be rewritten as the linear term on the objective function (7) (with hd =
f (d + 1)). The new model (DN V ) is shown in Figure 2.

(DN V ) min

X

cij xij +

hd · yid

(7)

i∈V d=1

(i,j)∈A

s.to :

D
XX

x ∈ hDST i
X(A+ (i)) =

(2)
D
X

d · yid

∀ i ∈ V \{1}

(8a)

d=1

X(A+ (1)) = 1 +

D
X

d · y1d

(8b)

d=1

D
X

yid ≤ 1

∀i∈V

(9)

d=1

yid ∈ {0, 1}

∀ i ∈ V, d = 1, . . . , D

(10)

Figure 2: Linear Formulation - Discretizing the Node Variables
Constraints (8a) and (8b) are the new coupling constraints and guarantee that for nodes with degree
3

equal to 1 we have yid = 0, ∀ d = 1, . . . , D. Together with the consistency constraints (9) these con∗
straints guarantee that if the degree of a node i is equal to d∗ + 1 > 1, then yid = 1 and yip = 0, ∀ p 6= d∗ .
This idea of substituting an integer variable with a set of binary variables with an index indicating the
possible values of the original integer value has already been applied to other problems (see, for instance,
[2, 3, 8, 9, 17]). In these works, the main reason for performing this change of variable set is to create new
and effective sets of valid inequalities. However, as noted in [8] and then used in [9], the new variables
permit us to model versions of the original problem with non linear costs. The problem studied here exemplifies this situation since the discretized variables permits us to model the more general cost function.
Note also that due to the degree upper limit, the (DN V ) model has fewer discretized variables than the
discretized models in the other previously referred works (which was a drawback of the approach in these
cases).
The linear programming relaxation of the (DN V ) model is, in general, quite weak. However, the structure of constraints (8a) suggests the following set of quite intuitive valid inequalities that significantly
improve the linear programming relaxation of (DN V ):
xij ≤

D
X

yid

∀ (i, j) ∈ A, i 6= 1

(11)

d=1

Note that the intuition for adding the new constraints to (DN V ) is similar to adding so-called strong
location cuts in capacitated location models. We will denote by (DN V +) the (DN V ) model with the
new set of constraints.
2.2.2

Spanning Tree/Knapsack reformulation

Consider
again the non-linear formulation (N LF ). Summing up constraints (3a) and (3b) and by using
P
(i,j)∈A xij = n − 1 (which is implied by hDST i) we obtain:
X

ui = n − 2

(12)

i∈V

Adding this redundant constraint to model (N LF ) permits us to view the problem as being composed of
two subproblems: a directed spanning tree problem in the x variables, and a bounded knapsack problem
with an equality constraint (see [15]) in the u variables, with an additional set of constraints, (3a) and
(3b), linking the variables of the two subproblems. We can replace the constraints for the knapsack subproblem by the path equations in an adequate graph. Let Ĝ = (V̂ , Â) be the extended graph associated
with this path representation. Each node is ∈ V̂ is characterized by two integer parameters P
i, s such
i
that i denotes a given original node (i = 0 (ficticious node), 1 . . . , n) and s denotes the sum k=1 uk

(s = 0, . . . , n − 2). Each arc in Â is of the form i − 1s , it (w.l.o.g. will be represented as (is,t ) ) and
represents the decision of setting the degree of node i in the original graph to t − s + 1. The arc set is then
explicitly defined as Â = { (is,t ) : i−1s , it ∈ V̂ , 0 ≤ t − s ≤ D }. Any path from node 00 to node nn−2
in the extended graph represents a feasible assignment of degrees to all nodes in the original graph. The
path variables wist indicate whether arc (is,t ) ∈ Â is in the shortest path from node 00 to node nn−2 .
Figure 3 shows the equations that model a path in the extended graph representation.
The path variables wist and the degree variables ui are related as follows:
ui =

X

(t − s) · wist

(is,t )∈Â

4

, ∀i ∈ V

(17)

W (Â+ (00 )) = 1

(13)
+

−

W (Â (is )) = W (Â (is ))

∀ is ∈ V̂ ;

i = 1, . . . , n − 1

W (Â− (nn−1 ) = 1

(14)
(15)

wist ∈ {0, 1}

∀ (is,t ) ∈ Â

(16)

Figure 3: Linear system associated with the Path representation.
Let hK/P 0i = {(u, w) satisfying (13), (14), (15), (16), (17) and (5)} be the set of feasible solutions of the
knapsack subproblem stated in terms of paths of the extended graph. The interest of this reformulation
is that the path variables give information on the value of the degree of node i (more precisely, if wist = 1
then, the degree of node i is equal to t − s + 1) and we can rewrite the objective function of the model
in a linear way leading to the the Spanning Tree/Knapsack reformulation depicted in Figure 4.

X

(ST /K0) min

cij xij +

X

ht−s · wist

(18)

i=1 (is,t )∈Â

(i,j)∈A

s.to :

n
X

x ∈ hDST i

(2)

(u, w) ∈ hK/P 0i
X
xij = ui
+

(i,j)∈A

+

∀ i ∈ V \{1}

(3a)

(i)

X
(1,j)∈A

(19)

x1j = 1 + u1

(3b)

(1)

Figure 4: Spanning Tree/Knapsack Reformulation of model (N LF )
In our presentations we prove that the linear programming bounds of the knapsack model (ST /K0) are
never worse than the linear programming bounds of model (DN V ).
Result 2.1 V (ST /K0) ≥ V (DN V )

We can also tighten the linear programming bound of the (ST /K0) model by adding the following constraints:
xij ≤

D
X

X

wis,s+d

∀ (i, j) ∈ A, i 6= 1

(20)

d=1 (i
s,s+d )∈Â

We denote by (ST /K0+) the (ST /K0) model with the new set of valid inequalities. We show that in a
certain sense, these new inequalities are the same as the inequalities (11) presented at the end of section
2.2.1. Our results will show that the linear programming bounds of the knapsack model (ST /K0) are
never worse (better in several cases) than the linear programming bounds produced by the (DN V ) model.
A similar dominance relationship arises between the models (ST /K0+) and (DN V +).
Result 2.2 V (ST /K0+) ≥ V (DN V +)
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