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Abstract

Adhoc networks will play an important role in future access networks. Previous studies have
shown, that the connectivity of such networks can be notably increased by employing directional
antennas. Heuristic methods to control the direction of these antennas based on local information
exist, however it remains unclear, how well they perform. This work tries to close this gap by providing
a method to calculate provable bounds on the connectivity of an adhoc network with keyhole antennas
and a variety of secondary optimization criteria via Mixed Integer Programming.
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1 Introduction

In next generation wireless networking, the classical cellular architecture will increasingly be comple-
mented by multihop communication. Adhoc networks are pure multihop networks without base stations
or any fixed infrastructure. These networks cannot be planned like cellular networks. Rather, the
reachability of users in an adhoc network will depend on the random relative positions of the network
participants. Users which are within communication range of each other can establish a link and thus
can directly communicate. Users which are too far apart to communicate directly, will have to rely on
the existence of a multihop path, using intermediate nodes as relays. The existing links define the graph
theoretical connectivity properties of the network. Only if the network is connected, each pair of users
will be able to communicate via a multihop path. Obviously, connectivity is a key issue for efficient com-
munication in an adhoc network. It has been shown, that the network connectivity can be significantly
enhanced by the application of beamforming antennas, enabling the adaptive generation of directive ra-
diation (and reception) patterns. The question arises, how each user in the network should steer their
beam pattern in order to maximize the global connectivity. Heuristic, distributed algorithms have been
developed, such that each network node can choose a beam direction based on local information. Due to
the limited information available to each network node, the resulting connectivity will always be subopti-
mal. However, it is important to know, how far the heuristics deviate from the global optimum. In order
to be able to quantify the gap between heuristics and the optimum, an optimization model is required.
To this end, we develop a Mixed Integer Program (MIP) formulation, applying a path approach with
column generation, in order to calculate bounds for the path probability, the node degree, and the used
capacity in a network. To enable the MIP formulation, we apply a simplified, yet useful antenna model,
referred to as keyhole model. The solution of the MIP provides us with the optimal direction for the
main beam of each node. The foremost criterion for optimization will be to create a connected network,
in which a path exists between each pair of nodes. On top of that, additional optimization goals can be
considered.
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2 Wireless Network Model

The wireless network model used covers a wide range of wireless multihop scenarios. It has also been
employed in [1].

We limit our scope to one discrete network state and thus do not take node movement into account.
In fact, we choose n nodes to be placed on a square area, 1000 meters in width and length. Five
cluster centers are determined, according to a two-dimensional uniform spatial distribution. The nodes
are equally split among the five clusters and placed around the cluster centers following a Gaussian
distribution, with a standard deviation of 10% of the area length.

All nodes in the system have beamforming antennas and can control the direction in which most of
the energy is emitted into space. Beamforming is done by means of a beamforming circuitry. Combining
multiple omnidirectional antenna elements into an array and adjusting the phase and amplitude for each
element appropriately will create the main beam (or main lobe) of high antenna gain G. In addition,
smaller side lobes with low gain appear. Fig. 1(a) shows the gain pattern of an 8-element circular array,
resulting from a maximum gain phase shift beamforming approach.

We simplify the formulation of the optimization problem by using a more abstract antenna model
which nevertheless retains the main characteristics of the realistic pattern. The, so-called keyhole model
is depicted in Fig. 1(b). It models the gain pattern as an area of high gain GM within aperture α = 30◦

and an area of low gain GS.

(a) Realistic pattern (b) Keyhole pattern

Figure 1: Antenna patterns

We assume a modified free space channel for signal propagation. Taking reflective, scattering, and
diffractive transmission losses into account, we increase the path loss exponent to a = 3. In decibel
notation (with a reference distance d0 = 1 m) we can denote the signal power level Pr at a receiver n2 at
distance d from the sender n1 by:

Pr = Pt + G(γn1) + G(γn2)+10 · log(
λ

4π
)2 + 10 · log(d−a)︸ ︷︷ ︸

−PL,n1,n2

(1)

Pt stands for the transmission power level, G(γn1) and G(γn2) for the logarithmic antenna gain of
n1 in the direction of n2 and the gain of n2 in the direction of n1, respectively. If the received power
level exceeds the minimum power level Pr,min, which is required for the signal to be decodeable, the two
nodes will be in range and thus a link is established between them. This is expressed via the link budget
inequality:

Pt + G(γn1) + G(γn2)− PL,n1,n2 ≥ Pr,min (2)
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It is important to note that, reflecting the nature of the wireless channel, the gain between two nodes
is independent of the communication direction. Also, we apply the same antenna gain patterns for
transmission as well as for reception, giving rise to undirected links and thus an undirected connectivity
graph.

3 Formulation

We introduce binary link variables ln1,n2 to indicate whether a link between n1 and n2 is established
(= 1) or not (= 0). From the network configuration we can calculate the distance dn1,n2 between each
pair of nodes and the angle βn1,n2 between them. Three possible cases have to be distinguished:

If two nodes are so close that, regardless of the orientation of their main lobe, a link between them
will be existant, we can set ln1,n2 = 1 without further computation. This will be the case, iff dn1,n2 is so
small that the path loss between the nodes can be compensated even in the area of low gain GS.

In contrary, if two nodes are so far apart, that not even by pointing their main lobes at each other, Pr

will exceed Pr,min, we can set the according link variable to zero in or simply drop the variable completely
in our problem formulation.

The most important case for our optimization will occur, if the existence of a link depends on the
orientation of the main lobes of the nodes. Given the aperture α and the angle βn1,n2 between the nodes,
G(γn1) = GM iff :

• For α
2 ≤ βn1,n2 ≤ 2π − α

2 :

γn1 ≥ βn1,n2 −
α

2
∧ γn1 ≤ βn1,n2 +

α

2
(3)

• For 2π − α
2 ≤ βn1,n2 ≤ 2π:

γn1 ≥ βn1,n2 −
α

2
∨ γn1 ≤ βn1,n2 − 2π +

α

2
(4)

• For 0 ≤ βn1,n2 ≤ α
2 :

γn1 ≥ βn1,n2 −
α

2
+ 2π ∨ γn1 ≤ βn1,n2 +

α

2
(5)

In the next step we introduce continuous variables a′n1,n2
for the first part of (3) and a′′n1,n2

for its
second part, both with a range of ]− 2π + α

2 + 1, 1]. A value of 1 for a′n1,n2
and a′′n1,n2

will indicate that
the associated constraint from 3 is fulfilled:

a′n1,n2
≤ γn1 − βn1,n2 +

α

2
+ 1 (6)

a′′n1,n2
≤ −γn1 + βn1,n2 +

α

2
+ 1 (7)

We use a′n1,n2
and a′′n1,n2

to set binary variables b′n1,n2
and b′′n1,n2

to zero, iff a′n1,n2
= 1 and a′′n1,n2

= 1,
respectively. Therefore we require:

(−2π +
α

2
+ 1) · b′n1,n2

− a′n1,n2
+ 1 ≤ 0 (8)

(−2π +
α

2
+ 1) · b′′n1,n2

− a′′n1,n2
+ 1 ≤ 0 (9)

Finally, a binary bn1,n2 is used to indicate that the main lobe of n1 points into the direction of n2 and
can be used in the link budget later on. It will become 1, iff both inequalities of (3) are fulfilled:

bn1,n2 ≤
1
2
· (1− b′n1,n2

) +
1
2
· (1− b′′n1,n2

) (10)
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In a similar way, we formulate sets of constraints for (4) and (5), as described in [1].
Consequently, we can formulate the link budget (2) in a conditional way, namely another constraint:

Pt + (1− bn1,n2) ·GS + bn1,n2 ·GM + (1− bn2,n1) ·GS + bn2,n1 ·GM − ln1,n2 · PL,n1,n2 ≥ Pr,min (11)

On top of the presented network model we formulate a path approach. For each demand d between
two nodes, we assign the demand volume hd which can be transported via paths p, represented by path-
flow variables fd,p. We add a dummy variable δd to keep the inequality feasible in case no path between
the end nodes can be established:

[πd]
∑
p∈Pd

fd,p + δd ≥ hd, ∀d ∈ D (12)

with fd,p, δd ≥ 0, ∀d ∈ D,∀p ∈ P (13)

For every edge e, the sum over all flows traversing that edge, forms the used capacity ue on that edge. ue

can not exceed the physical capacity of that edge, which we will set sufficiently large to carry all demands
(where H is the sum over all hd’s), if the associated link is established, and zero otherwise:

[σe] ue −
∑
d∈D

 ∑
p∈Pd,
e∈p

fd,p

 ≥ 0, ∀e ∈ E (14)

[τe] H · le − ue ≥ 0, ∀e ∈ E (15)

In order to maximize the path probability, we generate a fully meshed set of demands and consequently
minimize the number of dummy variables. As this cost function still contains a high degree of freedom
(i.e. a multitude of suitable solutions exists), we will evalute the influence of two secondary objectives,
namely to maximize the average node degree and to minimize the used capacity.

min
∑
d∈D

Oδ · δd −
∑
e∈E

Ol · le +
∑
e∈E

Ou · ue (16)

The complete MIP formulation can be found in the Appendix.
For medium to large scale networks, the generation of all paths in advance is not feasible in practice

due to the large number of possible links in the network. However we will not be able to guarantee the
optimality of the solution if we restrict the set of candidate paths a priori. Therefore we use a column
generation approach which starts the optimization with a reduced master problem (i.e. a small subset of
paths) and adds improving paths to the solution base each time a solution of the LP relaxation in the
branch-and-bound tree has been found.

For the dual system, we get variables πd for each constraint from (12), σe for each inequality from
(14), and τe for each constraint from (15). The constraints of the dual system read as:

πd −
∑
e∈E,
e∈p

σe ≤ 0, ∀d ∈ D,∀p ∈ P (17)

πd ≤ Oδ, ∀d ∈ D (18)

σe + H · τe ≤ 1, ∀e ∈ E (19)

Paths p missing in the solution base would violate our dual constraints. While equations (18) and (19) will
remain uninfluenced, (17) is depending on the set of path-flow variables. Since πd and σe are positive-
valued variables, (17) can only be violated by a path p, for which the sum over the associated σe is
smaller than πd. Finding these paths can be interpreted as a classic shortest path problem (solvable
by polynomial algorithms like Dijkstra’s Algorithm [2]), with link weights σe: If the total cost of the
shortest path for a demand d is smaller than πd, adding a path-flow variable for this path will improve
the solution. However, if the cost of the shortest path is larger than πd, no further improving variables
can be added to the solution base – once this is true for all d, our solution will be optimal.
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4 Optimization Results

We have implemented the previously described model using SCIP 1.1 [3] and CPLEX 9.13 as an underlying
LP-Solver. For reference purposes we compared our results with a flow-based approach presented using
the same framework and libraries.
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(a) Path probability optimization only
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(b) Path probability optimization and
used capacity minimization

Figure 2: 50 nodes example network

Fig. 2(a) and Fig. 2(b) show the results for a 50 nodes example network for path probability op-
timization and used capacity minimization in comparison to pure path probability optimization. The
most important property of an adhoc network is the connectivity: If the connectivity is suboptimal, the
network can not be used efficiently, regardless of the applied strategies for e.g. Medium Access Control
(MAC) and routing. Obviously we prefer the network to be connected or, if full connectivity is infeasible,
we want the path probability to be maximized. Therefore, the path probability maximization is the
prime optimization goal. Fig. 2(a) depicts the resulting beam directions and connectivity graph for a 50
node network. In this case, we achieve a connected network. In fact, many solutions exist, that yield
a connected network. Hence, there is room for an additional optimization goal, which can be used to
find a solution that will further help network performance. For instance, we can improve the network
throughput by diminishing the packet collision probability on the MAC level. This can be done, e.g. by
decreasing the number of channel uses in the network, which is achieved by minimizing the total hop
count for all demands in the network, i.e. minimizing the total used capacity in our optimization model.
Fig. 2(b) depicts the result for the same network when path probability and used capacity are optimized.
This yields a different connected network in which demands can be fulfilled with fewer hops. Results
like these are important (and have not been available so far) for the evaluation of improved distributed
algorithms, which operate on local information, only, however striving for the same global connectivity
properties.

An evaluation of the computational complexity, in particular execution time and memory usage, shows
that for the pure path probability maximization the classic flow approach performs better than a path
approach with column generation. But for additional node degree maximization or used capacity mini-
mization, the path approach outperforms the flow approach by far. Note that we did not systematically
evaluate the performance of the flow approach for the used capacity optimization, as tests did not perform
very promising. Table 1 gives an overview over the performance data. All performance evaluation was
performed on a dual Intel Xeon X5260 machine with 16 GB of RAM.

While the classic flow approach did perform quite well for path probability optimization only, in fact
even better than the column generation approach, the latter was at its most impressive when it came to
node degree maximization. It could outperform the flow approach by far, regarding memory usage and
execution time. The 40 and 50 nodes example networks could not be solved to optimality with the flow
approach within a time limit of 48 hours. The used capacity minimization was only computed using the
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30 nodes 40 nodes 50 nodes
Path probability maximization Flow approach Path approach Flow approach Path approach Flow approach Path approach
Solving time 58 s > 1440 min 2 min 19 s > 1440 min 8 min 32 s 101 min 24 s
LP iterations 161000 > 3060000 188000 > 25400000 110000 352000
Maximum memory usage 89 MB > 885 MB 143 MB > 1670 MB 497 MB 158 MB
Node degree maximization
Solving time 69 min 19 s 21 min 37 s > 1440 min 69 min 34 s > 1440 min 775 min 30 s
LP iterations 205000000 732000 > 217000000 944000 > 13700000 2630000
Maximum memory usage 171 MB 107 MB > 9800 MB 182 MB > 522 MB 296 MB
Used capacity minimization
Solving time n/a > 1440 min n/a 353 min 37 s n/a 399 min 41 s
LP iterations n/a > 81300000 n/a 12400000 n/a 21700000
Maximum memory usage n/a > 453 MB n/a 336 MB n/a 287 MB

Table 1: Performance data

path approach and showed up to be heavily dependent on the network structure.

5 Conclusion

Developing distributed heuristics for connectivity optimization in adhoc networks with adaptive beam-
forming antennas is a challenge. Specifically, the performance assessment of such heuristics is of major
interest: In order to improve on existing heuristics, we need to be able to quantify the gap between
existing algorithms and the global optimum. Therefore, in this paper we presented an efficient method
to optimize the path probability by choosing appropriate beamforming directions. On top of the path
probability, we were able to incorporate additional optimization goals, like minimization of the total used
capacity, or maximization of the node degree, which can further improve the performance of the resulting
network.

6 Appendix: Complete Formulation

Taking the constraints together and formulating an objective function to minimize the dummy variables
and optionally to either maximize the number of links or minimize the used capacity (by adjusting Ou,
Ol, and Oδ), the complete formulation reads (an edge e is used synonomously for a pair of nodes n1 and
n2):

Minimize
z =

∑
e∈E

Ou · ue −
∑
e∈E

Ol · le +
∑
d∈D

Oδ · δd (20)

Subject to

• ∀d ∈ D: ∑
p∈Pd

fd,p + δd ≥ hd (21)

• ∀e ∈ E:
ue −

∑
d∈D

(
∑

p∈Pd,
e∈p

fd,p) ≥ 0 (22)

H · le − ue ≥ 0 (23)

• ∀e ∈ E : dmin ≤ dn1,n2 ≤ dmax ∧ α
2 ≤ βn1,n2 ≤ 2π − α

2

a′n1,n2
− γn1 ≤ −βn1,n2 +

α

2
+ 1 (24)

a′′n1,n2
+ γn1 ≤ βn1,n2 +

α

2
+ 1 (25)

(−2π +
α

2
+ 1) · b′n1,n2

− a′n1,n2
+ 1 ≤ 0 (26)
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(−2π +
α

2
+ 1) · b′′n1,n2

− a′′n1,n2
+ 1 ≤ 0 (27)

1
2
·
(
1− b′n1,n2

)
+

1
2
·
(
1− b′′n1,n2

)
− bn1,n2 ≥ 0 (28)

• ∀e ∈ E : dmin ≤ dn1,n2 ≤ dmax ∧ 2π − α
2 ≤ βn1,n2 ≤ 2π

c′n1,n2
− γn1 ≤ −βn1,n2 +

α

2
+ 1 (29)

c′′n1,n2
+ γn1 ≤ βn1,n2 − 2π +

α

2
+ 1 (30)

(−βn1,n2 +
α

2
+ 1) · b′n1,n2

− c′n1,n2
+ 1 ≤ 0 (31)

(−4π + βn1,n2 +
α

2
) · b′′n1,n2

− c′′n1,n2
+ 1 ≤ 0 (32)

1− b′n1,n2
+ 1− b′′n1,n2

− bn1,n2 ≥ 0 (33)

• ∀e ∈ E : dmin ≤ dn1,n2 ≤ dmax ∧ 0 ≤ βn1,n2 ≤ α
2

d′n1,n2
− γn1 ≤ −βn1,n2 +

α

2
− 2π + 1 (34)

d′′n1,n2
+ γn1 ≤ βn1,n2 +

α

2
+ 1 (35)

(−2π + βn1,n2 +
α

2
) · b′n1,n2

− d′n1,n2
+ 1 ≤ 0 (36)

(−2π − βn1,n2 +
α

2
+ 1) · b′′n1,n2

− d′′n1,n2
+ 1 ≤ 0 (37)

1− b′n1,n2
+ 1− b′′n1,n2

− bn1,n2 ≥ 0 (38)

• ∀e ∈ E : dmin ≤ dn1,n2 ≤ dmax

Pt +(1− bn1,n2) ·GS + bn1,n2 ·GM +(1− bn2,n1) ·GS + bn2,n1 ·GM − ln1,n2 ·PL,n1,n2 ≥ Pr,min (39)

• ∀e ∈ E : dn1,n2 ≤ dmin

ln1,n2 = 1 (40)

With
fd,p, δd ∈ [0, 1] ⊂ R (41)

ue ∈ [0,H] ⊂ R (42)

ln1,n2 , bn1,n2 , b
′
n1,n2

, b′′n1,n2
∈ [0, 1] ⊂ N (43)

a′n1,n2
, a′′n1,n2

∈ [−2π +
α

2
+ 1, 1] ⊂ R (44)

c′n1,n2
∈ [−βn1,n2 +

α

2
+ 1, 1] ⊂ R (45)

c′′n1,n2
∈ [−4π + βn1,n2 +

α

2
, 1] ⊂ R (46)

d′n1,n2
∈ [−βn1,n2 +

α

2
− 2π + 1, 1] ⊂ R (47)

d′′n1,n2
∈ [βn1,n2 +

α

2
− 2π, 1] ⊂ R (48)
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