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Abstract
While it is acknowledged that the carried Internet traffic is very asymmetric, most work on pcycle and FIPP p-cycle protection schemes have been conducted for symmetric traffic. The focus of
this paper is to provide estimations of how much we loose in terms of usage of network resources
when using symmetric links in spite of asymmetric traffic. To reach our goal, we propose a unified
presentation of directed and undirected models for the p-cycle and FIPP p-cycle protection, using
column generation formulations. Results show that the use of undirected models can be very cost
ineffective under asymmetric traffic scenarios.
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Introduction

Current deployed networks, whether metropolitan or backbone, are still inherently symmetric, although
the traffic that has to be carried out is asymmetric [16]. This means that large portions of network
resources may be wasted in one transmission direction under highly asymmetric traffic. Although it
entails more complex processes in network configuration and management in order to handle asymmetry,
the resulting gain is worth the effort, as investigated in [14]. Not many studies were carried out on the
influence of the asymmetric traffic on the underlying optical layer cost, and on the comparison in terms
of cost/bandwidth between the use of bidirectional and unidirectional line systems [11]. While most
provisioning models for operation and protection networks have been conducted for both directed and
undirected models, the p-cycle protection scheme and its variants have been only studied with undirected
models, except for very few studies [1]. Hence, the objective of this paper is to further investigate the
concern about directed vs. undirected models for the p-cycle-based protection schemes.
p-Cycles are fully pre-connected cyclic protection structures that protect against straddling link failures, in addition to common ring-like failures [5]. What is specially interesting with p-cycles is their
pre-cross connected feature. Indeed, while p-cycles can be viewed as a particular case of the shared link
protection (SLP) scheme, they offer much faster recovery delays, comparable to those of ring protection.
Link-protecting p-cycles were extended with the goal of providing end-to-end path protection, originating
the Failure Independent Path-Protecting (FIPP) p-cycles [9]. Under FIPP p-cycles, the cyclic protection
structures can be shared by a set of requests for protection as long as their working paths are mutually
disjoint or, if they are not, their protection paths over the cycle are mutually disjoint.
While several different solution methods have been proposed for p-cycles, most models rely on a
similar ILP model with the only difference that the set of possible cycles is either generated off-line, as
in [5], or generated on-line, most of the time using a column generation algorithm, as in [15] and [1].
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In [1], the authors propose an exact approach and a polyhedral study of the directed p-cycle placement
problem. However, they assume that the spare capacity installed on the p-cycles is fractional, while in
this paper we assume this quantity to be integer. In [13], the authors present a collection of mathematical
models, following a uniform fashion, for comparing p-cycles and FIPP p-cycles against classical shared
link and path protection. The undirected models discussed here were previously presented in [13], and
an improved column generation algorithm as well as efficient algorithms for getting integer solutions for
undirected FIPP p-cycles are provided in [8].
In order to investigate the behavior of directed systems under asymmetric scenarios, we describe mathematical models for the design of directed and undirected networks using both p-cycle and FIPP p-cycle
protection schemes. As exact methods relying on column generation tend to reduce the scalability issue,
we invest in those techniques. Please refer to [3] and [10] for a nice background on linear programming
and column generation respectively. Moreover, we define two expressions for measuring traffic asymmetry,
which allow us to assess the impact on the protection cost caused by the use of directed versus undirected
models under different levels of asymmetry.
The paper is organized as follows. First, we present the various models, directed and undirected, for
p-cycle and FIPP p-cycle protection, with column generation formulations. All models are described with
capacity constraints. Thereafter, we present and discuss the experimental results obtained with those
models on different network and traffic instances. Results clearly show off more attention should be given
to directed models for p-cycle-based networks.
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Notations

In order to simplify the exposition of the different formulations, we will use the same notations for directed
and undirected models, except that their definitions may vary depending on whether they are used in
a directed or in an undirected model. For instance, let G = (V, L) be a graph associated with a WDM
(wavelength-division multiplexing) network, where V is the set of nodes and L the set of links. Let ℓ
refer to an undirected link in the undirected models, and to a directed link in the directed models. Note
that, when G is a directed graph, each pair of connected nodes is associated with a pair of directed
links, one in each direction, denoted by ℓ and −ℓ. We denote by ω(v) the set of links incident to v, and,
if G is directed, by ω + (v) (resp. ω − (v)) the set of outgoing (incoming) links of v. Let us also define
ω(W ), W ⊂ V, as the cut induced by W , i.e, the set of spans incident to a node in W and to another one
in V \W .
The traffic is defined by a set K of requests, indexed by k. Bandwidth requirement
for each request
P
k is denoted by bk . The overall working traffic on a link ℓ is denoted by wℓ = k∈K:wpk ∋ℓ bk , where wpk
is the working route of request k, known beforehand. The total capacity reserved for protection on a link
is subject to spare capacity constraints. Let cℓ denote the capacity installed on link ℓ. Then, the spare
capacity on link ℓ is given by cℓ − wℓ .
Futhermore, whether we address a directed or undirected model, we define a set T of (FIPP) p-cycles,
indexed by t, and corresponding variables nt , which represent the amount of traffic circulating through
p-cycle t, e.g., the number of unit copies of p-cycle t or the amount
P of pre-configured spare capacity of
p-cycle t. The cost of a p-cycle t can be decomposed as costt = ℓ∈t lcostℓ , where lcostℓ is the cost
of link ℓ (e.g., the cost of its endpoint interconnection equipment).
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p-Cycles

The most relevant difference between directed and undirected p-cycles is that, in the first case, at most
one protection unit can be provided by a cycle for each link, while with undirected p-cycles, straddling
links have two units under protection.
Before setting the ILP models for p-cycles, we need to introduce some more notations, common to
both directed and undirected cases. Let coefficients αtℓ define the protection provided by p-cycle t for link
ℓ. As for undirected p-cycles, αtℓ is equal to 2 if link ℓ straddles cycle t; 1 if if link ℓ is on cycle t; and 0
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otherwise. In the directed case, although the expression of the master problem is identical, the definition
of coefficients αtℓ is different: αtℓ = 1 if link ℓ has both end nodes on cycle t but is not crossed by t; 0
otherwise. Coefficients βℓt ∈ {0, 1} define the cycle topology: βℓt is equal to 1 if link ℓ lies on cycle t, and
0 otherwise, in both directed and undirected cases.
The p-cycle model in an undirected (pc sym) or directed (pc asym) network can be written as follows:
X
min
costt nt
t∈T

subject to

X

αtℓ nt ≥ wℓ

ℓ∈L

(u1ℓ )

βℓt nt ≤ cℓ − wℓ

ℓ∈L

(u2ℓ )

t∈T

X

t∈T

nt ∈ Z+

t∈T

where the first set of constraints ensures that the overall working traffic is protected on each link, and
the second set of constraints guarantees that the requested bandwidth for establishing working paths and
protection cycles does not exceed the link transport capacity.
Because we aim at solving the model above with on-line generation of the cycles, by using a column
generation technique, then we need to establish the formulation of the pricing problem, i.e., of the problem
that allows the on-line generation of the most promising cycles. By promising cycle, we mean one with
a negative reduced cost (in terms of the linear programming theory). Let us introduce three sets of
variables. First set contains variables xℓ such that xℓ = 1 if ℓ defines one of the links supporting the
sought cycle, and 0 otherwise. Second set is made of variables yv such that yv = 1 if node v belongs to
the cycle, and 0 otherwise. Last, third set is made of variables zℓ such that zℓ = 1 if link ℓ is protected
by the cycle, and 0 otherwise. Constants u1ℓ ≥ 0 and u2ℓ ≤ 0 are the dual prices from master problem
constraints. Note that, in order to provide the pricing problem with dual prices, linear relaxation of the
master problem is solved. In Section 5, we explain how integer solutions are obtained.
The pricing problem for pc sym model can be formulated as described below. The objective function
minimizes the reduced
P cost, which is composed of the following terms: the compound costs of the links
used
by
the
cycle
(
ℓ∈L lcostℓ xℓ ), the reward resulting
P
P from the requests chosen to be protected
( ℓ∈L u1ℓ (2zℓ −xℓ )), and the price for using spare capacity ( ℓ∈L u2ℓ xℓ ). The first three sets of constraints
establish conditions to build cycles. The fourth set of constraints ensures to build only one cycle at a
time, as building more than one cycle would entail difficulty to identify the straddling links. They are the
Generalized Subtour Elimination Constraints in outer form (or cut form) [4] and are taken into account
in the solution process along with the so-called lazy constraints feature (cf. [7]). These constraints state
that, if a node is selected in both sides of a cut, then at least two links crossing the cut must be part
of the cycle. Relations between the variables of the pricing problem and the coefficients of the master
problem can be defined as αℓ = 2 zℓ − xℓ and βℓ = xℓ .
As for the pricing problem for directed p-cycles, more differences appear, as it can be seen in the
formulation described in Table 1. The first four sets of constraints also establish conditions to build
cycles and determine which links are under protection. Note that a link ℓ crossed by a cycle cannot be
protected, but the reverse link −ℓ can. Next, we have the subtour elimination constraints for the directed
case. Relations between the variables of the pricing problem and the coefficients of the master problem
can be defined as αℓ = zℓ and βℓ = xℓ .

4

FIPP p-Cycles

There is an important difference between p-cycle and FIPP p-cycle models concerning the variable definition in the master problem. As for FIPP p-cycles, we let variables nt , t ∈ T , to be possibly associated
with the same topological cycle but with different coefficient vectors αt . This can be justified by the
3

Pricing problem for undirected p-cycles
P

min

(lcostℓ + u1ℓ − u2ℓ ) xℓ − 2

ℓ∈L

P

xℓ = 2 yv

P

u1ℓ zℓ

min

P

(lcostℓ − u2ℓ ) xℓ −

ℓ∈L

ℓ∈L

P

v∈V

P

P

u1ℓ zℓ

ℓ∈L

xℓ = yv

v∈V

xℓ = yv

v∈V

ℓ∈ω + (v)

ℓ∈ω(v)

zℓ ≤ yv

Pricing problem for directed p-cycles

v ∈ V, ℓ ∈ ω(v)

ℓ∈ω − (v)

zℓ P
≥ yv + yv ′ − 1
v, v ′ ∈ V, ℓ = {v, v ′ } ∈ L
xℓ ≥ 2 (yv + yv′ − 1)
ℓ∈ω(V ′ )
′

V ⊂ V, 3 ≤ |V ′ | ≤ |V | − 3, v ∈ V ′ , v ′ ∈ V \ V ′
yv ∈ {0, 1}
zℓ , xℓ ∈ {0, 1}

zℓ ≤ yv − xℓ
zℓ ≥ yv + yv′ − xℓ − 1
P
xℓ ≥ yv + yv′ − 1

v ∈ V, ℓ ∈ ω(v)
v, v ′ ∈ V, ℓ = (v, v ′ ) ∈ L

ℓ∈ω + (V ′ )
′

V ⊂ V, 3 ≤ |V ′ | ≤ |V | − 3, v ∈ V ′ , v ′ ∈ V \ V ′
yv ∈ {0, 1}
v∈V
zℓ , xℓ ∈ {0, 1}
ℓ∈L

v∈V
ℓ∈L

Table 1: Pricing Problems for p-cycles
fact that a FIPP p-cycle may not be able to protect every request with endpoints over it, since requests
may be concurrent, i.e., they may not be link disjoint. Therefore, there may be several identical cycles
providing different levels of protection.
The master problems of both directed and undirected models (respectively, fipp asym and fipp sym
models) are again the same except for the definition of the coefficient matrix. In the undirected case, the
first set of coefficients are defined as follows: αtk = 2 if request k is protected for 2 units by t; 1 if request
k is protected for 1 units; and 0 otherwise. Indeed, note that a request can be protected for 2 units only
if it straddles cycle t. However, at most one protection unit can be provided for concurrent straddling
requests at the same time, see [8] for details. As for directed FIPP p-cycles, because they can offer at
most one unit of protection for a request, coefficients αtk are now defined as follows: αtk = 1 if request k is
protected by cycle t; 0 otherwise. Coefficients βℓt remain the same as for p-cycle models in both directed
and undirected cases.
The master problem for directed and undirected FIPP p-cycles is then formulated as follows:
X
min
costt nt
subject to

X

t∈T

αtk nt ≥ bk

k∈K

(u1k )

βℓt nt ≤ cℓ − wℓ

ℓ∈L

(u2ℓ )

t∈T

X

t∈T

nt ∈ Z+

t∈T

Regarding the pricing problems, there are more differences between the two models, including the
advantage for the directed model to be able to avoid the exponential number of subtour elimination
constraints, while overall containing about twice the number of variables. In both cases, the pricing
problem is the minimization of the reduced cost subject to the constraints for defining a cycle and
identifying the requests protected by that cycle. There are two sets of binary variables: the first one
contains variables xℓ , such that xℓ = 1 if the cycle crosses link ℓ, and the second one contains variables
xkℓ , such that xkℓ = 1 if link ℓ is used to protect request k. The pricing problem is then formulated as
bellow.
The formulation of the pricing problem for fipp sym model is described in Table 2. Briefly, the first
three sets of constraints address the cycle construction. The following two sets of constraints determine
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the protection path(s) for the requests over the cycle. Next, we have constraints that prevent requests from
using more protection capacity than what is provided by the cycle under construction, and constraints
that prevent requests from using a given span in both working and protection paths. For more details
on this formulation, we recommend to see [8]. The objective function, which also minimizes the reduced
cost, is basically composed of two terms: one corresponding to the compound costs of the links used by
the cycle, and another one associated with the reward resulting from the requests chosen to be protected.
Relations between P
the variables of the pricing problem and the coefficients of the master problem can be
expressed as αk = ℓ∈ω(sk ) xkℓ and βℓ = xℓ .
Pricing problem for undirected FIPP p-cycles
min

P

(lcostℓ −

u2ℓ )

xℓ −

P

u1k

k∈K

ℓ∈L

P

ℓ∈ω(sk )

xkℓ

Pricing problem for directed FIPP p-cycles

!

min

P

xℓ ≤ 2
v∈V
ℓ∈ω(v)
P
v ∈ V, ℓ ∈ ω(v)
x ℓ′ ≥ x ℓ
ℓ′ ∈ω(v):ℓ′ 6=ℓ
P
xℓ ≥ xℓ′ + xℓ′′ − 1

P

xℓ −

P

u1k

k∈K

xℓ −

P

xℓ = 0

P

ℓ∈ω + (sk )

v∈V

xℓ ≤ 1

v∈V

ℓ∈ω(dk )
xkℓ′ ≥ xkℓ

k ∈ K, v ∈ V \{sk , dk }, ℓ ∈ ω(v)

xkℓ ≤ xℓ

ℓ ∈ L, ℓ′ ∈ L \ {ℓ}

xkℓ ∈ {0, 1}

k ∈ K, ℓ ∈ L

k ∈ K, ℓ ∈ wpk
ℓ ∈ L, k ∈ K
ℓ∈L

xℓ ∈ {0, 1}

ℓ∈L

xkℓ =

xkℓ

!

ℓ∈ω − (v)

xkℓ = 0
P
P
xkℓ −
xkℓ = 0
ℓ∈ω + (v)
ℓ∈ω − (v)
P
xkℓ ≤ xℓ

P

xkℓ

ℓ∈ω + (v)

P

k∈K

k∈K:{ℓ′ ,−ℓ′ }∩wpk 6=∅
xkℓ + xk−ℓ = 0

k ∈ K, ℓ ∈ wpk

ℓ∈ω − (sk )

V ′ ⊆ V, ℓ′ ∈ L(V ′ ), ℓ′′ ∈
/ L(V ′ )

P

(lcostℓ −

ℓ∈ω + (v)

ℓ∈ω(V ′ )

ℓ∈ω(sk )

u2ℓ )

ℓ∈L

P

P

P

k∈K

k ∈ K, v ∈ V \ {sk , dk }
ℓ ∈ L, ℓ′ ∈ L \ {ℓ, −ℓ}

ℓ′ ∈ω(v):ℓ′ 6=ℓ

P

k∈K:ℓ′ ∈wpk
xkℓ = 0
xkℓ ∈ {0, 1}

xℓ ∈ {0, 1}

Table 2: Pricing Problems for FIPP p-cycles
Next, let us describe the pricing problem for fipp asym model. The first two sets of constraints
address the construction of the directed cycle, followed by the constraints that prevent a protection path
from terminating at the orign node of a request. Next, we have flow conservation constraints on the
protection paths, and constraints preventing requests from using more protection capacity than provides
the cycle under construction. Finally, we have again constraints preventing requests from using a given
span in both working and protection paths. The objective funtion is expressed similarly to the undirected
case. Relations between
variables of the pricing problem and coefficients of the master problem can be
P
expressed as αk = ℓ∈ω+ (sk ) xkℓ ; and βℓ = xℓ .
Since the pricing problem is allowed to provide columns composed of more than one cycle, there is no
subtour elimination constraint in this model. This comes from the use of double-indexed variables together
with directed flows, which allow us to properly identify protection paths for straddling requests. Note that,
while it is possible to get a formulation without the exponential number of subtour elimination constraints
for the other models, we have favored the presented formulations for their simplicity, overcoming this last
difficulty with the use of the lazy constraints when solving the pricing problem.
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Computational Experiments

All four mathematical models (pc sym, pc asym, fipp sym and fipp asym) were implemented under
the assumption of uncapacitated links, as most work in the literature, and solved as proposed using cplex
10.1.1 solver. Integer solutions were obtained by providing the solver with the columns generated during
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the column generation algorithms. Although we cannot claim that this is an exact approach, we obtained
optimal or nearly optimal solutions, as shown later. We first describe the traffic and networks instances
used in the experiments, as well as how we measure the traffic asymmetry. Thereafter, we present the
cost discrepancies obtained for the various instances.
We consider six network instances, all available in [2], [6] and [12], and their characteristics are listed
in Table 3. In particular, we provide the number of requests and the working cost for the undirected
models, assuming each working path is routed via a shortest path from source to destination. Working
routes are carefully assigned so that they are exactly the same in both directions as well as for both
directed and undirected models.
Instance

n

m

cost239 [2]
nsf [6]
atlanta [12]
germany [6]
new-york [12]
europe [6]

11
14
15
17
16
28

26
21
22
26
49
41

Node
Degree
4.7
3.0
2.9
3.1
6.1
2.9

|Ksym |
55
91
105
136
240
378

Working
Cost (sym)
137,170
5,926,306
151,019
407,130
1,437
1,796,669

Asymmetry (%)
asymsd asymℓ
17
15
20
7
16
13
20
13
18
12
18
8

Table 3: Characteristics of the data sets
A measure of traffic asymmetry needs to be defined in order to assess the effect of asymmetry on the
bandwidth cost. Two different ratios are then proposed. The first one attempts at measuring the traffic
asymmetry, in terms of sources and destinations, weighted by the P
amount of bandwidth to be carried
out,
and
is
given
by
asym
=
1
−
min
/max
,
where
min
=
sd
SD
SD
SD
sd∈SD min{bsd , bds } and maxSD =
P
max{b
,
b
}
.
The
second
one
aims
at
measuring
the
resulting
traffic asymmetry
in the carried
sd ds
sd∈SD
P
bandwidth in P
the network and is given by asymℓ = 1 − minℓ /maxℓ , where minℓ = ℓ∈L min{wℓ , w−ℓ }
and maxℓ =
ℓ∈L max{wℓ , w−ℓ }. Once we have defined how to measure the asymmetry of a traffic
instance, we developed a traffic generator which takes as input the desired sd-asymmetry percentage
and a symmetric traffic instance for a given network. For each symmetric request, the traffic generator
randomly calculates reverse request pairs, each one composed of a request with the symmetric demand
value and the other one with a random demand value in the opposite direction. The random values
are selected in such a manner that the final sum of generated values meet the desired asymmetry ratio.
Asymmetric traffic instance for atlanta network is available in [12], all others were obtained by our
generator with traffic asymmetry close to 20% in average, as shown in Table 3. It is observed that link
asymmetry is often reduced with respect to traffic asymmetry. Most results have been obtained for an
average of 10% link asymmetry. In [11], authors propose a different asymmetry ratio, more precisely,
asymsd = (maxSD − minSD )/(maxSD + minSD ).
In Table 4, we provide the results related to the number of cycles and the redundancy ratios (protection
over working cost) of the (nearly) optimal protection solutions obtained for directed and undirected models
with p-cycles and FIPP p-cycles. For each protection scheme we also provide, between parenthesis,
the overall number of generated p-cycles. For each network instance, we mention the traffic and link
asymmetry ratios, which are meaningful only for the directed models. It is shown that the redundancy
ratios decrease by about 10% with directed p-cycles, meaning that the protection cost is reduced by
about 10% when using a directed model instead of an undirected one. Note that, when comparing
directed against undirected models, working costs for the former are assumed to be double those for
undirected models. Results followed by ⋆ correspond to optimal solutions. As for the remaining results,
gaps against optimality are smaller than 1%, except with undirected FIPP p-cycle result for cost239
network, whose gap increases to about 3%.
With the purpose of evaluating the reduction in protection costs while increasing traffic asymmetry,
additional experiments were performed and the obtained results are illustrated in Figure 1. Five different
traffic instances with fixed traffic load were generated and with asymmetry ratios ranging from 0%
(pure symmetric) to 100% (pure asymmetric, i.e., unidirectional traffic between every pair of source and
6

Instance
cost239
nsf
atlanta
germany
new-york
europe

pc sym
# cycles RR (%)
9 (24)
55.3
8 (10)
113.5
8 (13)
90.2
15 (18)
111.9
18 (65)
40.0
15 (47)
109.0⋆

pc asym
# cycles RR (%)
16 (53)
51.2
15 (21)
102.8⋆
18 (21)
84.4
16 (29)
100.6⋆
26 (117)
37.2
29 (109)
100.6⋆

fipp sym
# cycles RR (%)
11 (260)
44.6
63 (315)
95.2
82 (257)
90.0⋆
84 (334)
107.6
-

fipp asym
# cycles
RR (%)
25 (1176)
40.5
135 (1019)
86.2
179 (557)
83.8
170 (969)
96.6
-

Table 4: Number of (FIPP) p-cycles and Redundancy Ratios (RR)
destination) for cost239 network. In the graphic of Figure 1, plotted points correspond to the average
ratio of asymmetric over symmetric results obtained using p-cycles or FIPP p-cycles for a given asymmetry
percentage. For instance, with an asymmetry ratio of 10%, there is an average gain of almost 5% in the
protection cost over the symmetric case when using directed p-cycles. Indeed, the use of asymmetric links
can yield an average gain of nearly 45% under pure asymmetric traffic.
It can be also observed that there is an almost linear reduction in protection costs as asymmetry
increases, with both p-cycles and FIPP p-cycles. This shows that the use of directed models for protecting
asymmetric traffics with p-cycle-based schemes may be of great interest.
100

p-cycles
FIPP p-cycles

95

Average Cost Ratio (%)

90

85

80

75

70

65

60

55
0

10

20

30

40
50
60
Asymmetry (%)

70

80

90

100

Figure 1: Accuracy of the symmetric model for cost239.
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Conclusion

In this paper, we presented mathematical models for the design of survivable networks using directed
p-cycles and FIPP p-cycles. The models were solved by means of column generation algorithms and the
obtained solutions were compared against those obtained for undirected models. For that, we defined a
measure of traffic asymmetry and developed a generator of asymmetric traffic instances.
Our goal was to evaluate the impact on the cost of p-cycle-based networks under asymmetric traffic
scenarios. We observed a quite surprising efficiency gain when asymmetric links are used: reductions of
up to 45% in the cost over undirected models. Indeed, the efficiency gain increased linearly as traffic
asymmetry augments. In conclusion, the use of asymmetric links is very cost effective under asymmetric
traffic scenarios and the difficulty implied by the realization of asymmetry in transport netowrks may be
worthwhile.
Some possible improvements in the formulations are being investigated. For instance, the subproblem
for directed p-cycles can be formulated without subtour elimination constraints, as for directed FIPP
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p-cycles. But the benefits of this approach still need to be evaluated, since it implies more variables and
constraints.
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