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The mathematic tool
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Analysis phase
definition of a rooted hierarchy
definition of the matrices of pairwise 
comparisons

Synthesis phase
solution of eigenvalues/eigenvector 
problems
vector of priorities as a product of 
matrices



  

Definition of a rooted hierarchy
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Made of levels, complete connections between Made of levels, complete connections between 
adjacent levelsadjacent levels
level 0 Main Goal (political), level 1 actors, level 2 level 0 Main Goal (political), level 1 actors, level 2 
policies, level 3 criteria, level 4 alternativespolicies, level 3 criteria, level 4 alternatives
pairwise comparisons of elements at level i+1 with pairwise comparisons of elements at level i+1 with 
respect to elements at level i on a 1respect to elements at level i on a 1÷÷9 ratio scale9 ratio scale
level i m elements and level i+1 n elements: m level i m elements and level i+1 n elements: m 
matrices n x n, m eigenvectors n x 1, n x m matrices n x n, m eigenvectors n x 1, n x m 
eigenvectors matrixeigenvectors matrix
W (vector of priorities) as a matrix product of W (vector of priorities) as a matrix product of 
eigenvector matrices eigenvector matrices 



  

EigenEigen
values values 
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eigeneigen

vectors vectors 
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Numerical algorithmsNumerical algorithms

Simulation and other quantitative approaches to the assessment of electoral systemsSimulation and other quantitative approaches to the assessment of electoral systems             Alessandria 4-5 June 2007Alessandria 4-5 June 2007



An example of hierarchy
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LL
33
 eigenvectors matrix  eigenvectors matrix 

at l=2 dimension 3 x 4at l=2 dimension 3 x 4
LL

22
 eigenvectors matrix  eigenvectors matrix 

at l=1 dimension 4 x 3at l=1 dimension 4 x 3
LL

11
 eigenvectors matrix  eigenvectors matrix 

at l=0 dimension 3 x 1at l=0 dimension 3 x 1
W priorities of A, B and W priorities of A, B and 
C with respect to MGC with respect to MG
W=LW=L

33
LL

22
LL

11
 dimension  dimension 

3X13X1



  

Theoretical [negative] resultsTheoretical [negative] results
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No ''perfect'' electoral system existsNo ''perfect'' electoral system exists
Some of the many theoretical impossibility results:Some of the many theoretical impossibility results:

Arrow's [im]possibility theorem (minimal set of Arrow's [im]possibility theorem (minimal set of 
properties vs. dictatorship)properties vs. dictatorship)
Gibbard-Satterwaite Theorem (strategic voting)Gibbard-Satterwaite Theorem (strategic voting)
Sen's Theorem (minimal liberalism)Sen's Theorem (minimal liberalism)

Many tentative solutions, not so many real solutions Many tentative solutions, not so many real solutions 
Is AHP a solution? is it ''immune'' from such ''theoretical Is AHP a solution? is it ''immune'' from such ''theoretical 
plagues''?plagues''?



  

The “wish lists”The “wish lists”
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Basic list:Basic list: Universal Domain, Transitivity, Pareto  Universal Domain, Transitivity, Pareto 
condition, Binary Independence;condition, Binary Independence;
Extended list:Extended list: Anonimity, Neutrality, Separability,  Anonimity, Neutrality, Separability, 
Monotonicity, Non-manipulabilityMonotonicity, Non-manipulability
Majoritarian methods list:Majoritarian methods list: Condorcet winner,  Condorcet winner, 
Condorcet Loser, Monotonocity, Pareto principle, Condorcet Loser, Monotonocity, Pareto principle, 
WARP, Path IndependenceWARP, Path Independence
Proportional methods list:Proportional methods list: House monotonicity,  House monotonicity, 
Quota satisfaction, Population monotonicity, Quota satisfaction, Population monotonicity, 
Consistency, stabilityConsistency, stability



A simple exercise
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We pairwise rank a1, a2, a3 We pairwise rank a1, a2, a3 
and a4 with respect to v1, v2 and a4 with respect to v1, v2 
and v3 (four matrices and and v3 (four matrices and 
four eigenvectors)four eigenvectors)
We pairwise rank v1, v2 and We pairwise rank v1, v2 and 
v3 with respect to MG (one v3 with respect to MG (one 
matrix and one eigenvector)matrix and one eigenvector)
W=LW=L

22
LL

11
 priorities of a1, a2,  priorities of a1, a2, 

a3, a4 with respect to MGa3, a4 with respect to MG
W W ↔↔ total ordering i.e.  total ordering i.e. 
priorities of a1, a2, a3 and priorities of a1, a2, a3 and 
a4 with respect to MGa4 with respect to MG



A simple exercise: matrices and vectors
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A harder exercise
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Proportional methods, Proportional methods, 
properties:properties:

AnonimityAnonimity
House monotonicityHouse monotonicity
Quota satisfactionQuota satisfaction
Population monotonicityPopulation monotonicity
ConsistencyConsistency
StabilityStability

Ranking of the Ranking of the 
properties properties ↔↔ ranking of  ranking of 
the methodsthe methods



  

A harder 
exercise: 
matrices 

and 
vectors
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A harder 
exercise: 
a change 

in v2

Simulation and other quantitative approaches to the assessment of electoral systemsSimulation and other quantitative approaches to the assessment of electoral systems             Alessandria 4-5 June 2007Alessandria 4-5 June 2007



  

Another harder exercise
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Properties of majoritarian Properties of majoritarian 
methods:methods:

Anonimity,Anonimity,
Condorcet Winner,Condorcet Winner,
Condorcet Loser,Condorcet Loser,
Pareto Principle,Pareto Principle,
Weak Axiom of Weak Axiom of 
Revealed PreferencesRevealed Preferences
Path IndependencePath Independence

Ranking of the properties Ranking of the properties 
↔↔ ranking of the methods ranking of the methods



  

Another 
harder 

exercise
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A ranking exercise
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High level properties:High level properties:
TransitivityTransitivity
Universal DomainUniversal Domain
Binary IndependenceBinary Independence
Pareto principlePareto principle



  

A 
ranking 
exercise
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Another ranking exercise
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Proportional or Majoritarian?Proportional or Majoritarian?
Four properties:Four properties:

Electoral ParticipationElectoral Participation
Number of Political PartiesNumber of Political Parties
Electoral VolatilityElectoral Volatility
Government stabilityGovernment stability



  

Another 
ranking 
exercise
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Hierarchy: a real solution or a blind Hierarchy: a real solution or a blind 
alley?alley?
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Open questions(some of the...):Open questions(some of the...):
is hierarchy enough to escape the ''conviction'' of is hierarchy enough to escape the ''conviction'' of 
theoretical results?theoretical results?
is it scalable? (clustering) how do we deal is it scalable? (clustering) how do we deal 
inconsistencies?inconsistencies?
where does the solution reside? in the hierarchy where does the solution reside? in the hierarchy 
itself or in the synthesis phase?itself or in the synthesis phase?

How can we be sure that there is no Arrow-like How can we be sure that there is no Arrow-like 
impossibility theorem ''lurking out there''?impossibility theorem ''lurking out there''?



  

ConclusionsConclusions
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This work represents an attempt to apply AHP This work represents an attempt to apply AHP 
to electoral systems to electoral systems 
The aim is to use it for the ranking of social The aim is to use it for the ranking of social 
choices and alternativeschoices and alternatives
Theoretical and practical/empirical issues Theoretical and practical/empirical issues 
require deeper examinationsrequire deeper examinations
The method is suitable for iterative applications The method is suitable for iterative applications 
and for forward and backward planningand for forward and backward planning
All this (and much more) will be part of my PhD All this (and much more) will be part of my PhD 
dissertation dissertation 
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That's all, folks....That's all, folks....
so many things to do and so a short time...so many things to do and so a short time...

Lorenzo CioniLorenzo Cioni
Department of Computer ScienceDepartment of Computer Science

University of PisaUniversity of Pisa
e-mail: lcioni@di.unipi.ite-mail: lcioni@di.unipi.it

Simulation and other quantitative approaches to the assessment of electoral systemsSimulation and other quantitative approaches to the assessment of electoral systems             Alessandria 4-5 June 2007Alessandria 4-5 June 2007


