
Ranking ele
toral systems through hierar
hi
alproperties ranking�Lorenzo CioniDepartment of Computer S
ien
e, University of Pisae-mail: l
ioni�di.unipi.itAbstra
tEle
toral systems are 
omplex entities 
omposed of a set of phasesthat form a pro
ess to whi
h performan
e parameters 
an be asso
i-ated. On of the key points of every ele
toral system is represented bythe ele
toral formula that 
an be 
hara
terized by a wide spe
trum ofproperties that, a

ording to Arrow's Impossibility Theorem and othertheoreti
al results, 
annot be all satis�ed at the same time. Startingfrom these basi
 results the aim of the paper is to examine su
h prop-erties within a hierar
hi
al framework, based on Analyti
 Hierar
hyPro
ess (AHP ) proposed by T. L. Saaty ([Saa80℄), performing pair-wise 
omparisons at various levels of a hierar
hy so to get a globalranking of su
h properties. Sin
e any real ele
toral system is knownto satisfy some of su
h properties but not others it should be possible,in this way, to get a ranking of the ele
toral systems a

ording alsoto the politi
al goals both of the voters and the 
andidates. In thisway it should be possible to estimate the relative importan
e of ea
hproperty with respe
t to the �nal ranking of every ele
toral formula.1 Introdu
tionThe present paper 
ontains both the des
ription of a ranking methodand some appli
ations of that ranking method on the properties we wish ourvoting systems satisfy.�I wish to thank Dr. Fran
o Vito Fragnelli and Prof. Giorgio Gallo for their help andadvi
es. 1



Our aim is to investigate if through a hierar
hi
 ranking of properties we 
andevise a ranking of ele
toral methods (or even an ele
toral method).The paper is stru
tured as follows. After a very short des
ription of theranking method we propose some notes on ele
toral systems and list, withsome 
omments, the properties we wish the various ele
toral systems satisfy.Afterwards we are going to perform a simple ranking exer
ise and introdu
ethe a
tors whose points of view and interests we are going to 
onsider, votersand 
andidates. The next step is the appli
ation of the method to more
omplex 
ases so to get a 
ertain number of ranked orderings. The last stepis the asso
iation between some orderings and some more or less 
lassi
alvoting methods. The paper, in a 
lassi
 way, 
loses with some remarks andplans for future works.2 The mathemati
al toolAHP is both a method and a tool developed by T. L. Saaty ([Saa80℄)and used by himself and others in many �elds (see for instan
e [SK85℄ and[BR04℄)1. It represents a useful investigation tool in all 
ases we have torank n alternatives depending on their order of importan
e or preferen
e(with respe
t to some a
tors and to a general or main goal) and on the basisof qualitative valuations expressed using numeri
al values on a ratio s
ale.After an analysis phase that allows the identi�
ation of a set of elements,we de�ne a hierar
hy among these elements under the form of a rooted hi-erar
hy2. At the root (level l = 0) we have the main goal, in many 
ases ofpoliti
al nature, at level 1 we may have the a
tors , at level 2 the poli
ies, atlevel 3 the 
riteria and, last but not least, at the level of the leaves we havethe alternatives3. In Figure4 1 we show a somewhat simpli�ed hierar
hy with1The topi
 is really 
omplex and wide. It is obvious that in this Se
tion we 
annots
rat
h but the very surfa
e. Anyway [Saa80℄, though hard to �nd, is a good startingpoint.2We have a hierar
hy with a root at level l = 0 and a set of elements at the deepestlevel from the root that we 
all leaves and that 
ontain the alternatives we want to rankwith respe
t to the root. The hierar
hy does not 
ontain any 
y
le be
ause the ar
s are
overed either from the root to the leaves (analysis phase) or from the leaves to the root(synthesis phase).3Any of these levels may be missing but, on the other hand, more levels 
an be addedif this is required by the problem at hand. The minimal number of levels is three: themain goal at level l = 0 and two more levels.4A hierar
hy is de�ned 
omplete if all the elements at two 
ontiguous levels are 
on-ne
ted by exa
tly one ar
 (so that if they have respe
tively n1 and n2 elements betweenthe two levels we have n1 � n2 ar
s) otherwise it is termed as in
omplete. In this paperwe are going to 
onsider only hierar
hies of the �rst type.2



Figure 1: Example of a 
omplete hierar
hya main goal (MG), three a
tors (a
1, a
2 and a
3) four 
riteria (the 
ri) andthree alternatives (A, B and C). Our example rooted hierar
hy has thereforea depth5 d = 3.Given any level i 2 [0; d � 1℄, if we want to evaluate the importan
e of theelements at level i+1 with respe
t to those at level i we 
an buildm matri
esn� n where n is the number of elements at level i+ 1 and m is the numberof elements at level i. In 
ase of Figure 1 we have one matrix 3� 3 to weightthe importan
e of the a
tors with respe
t to the main goal, three matri
es4� 4 to weight the importan
e of the 
riteria with respe
t to the a
tors andfour matri
es 3�3 to weight the alternatives with respe
t to the 
riteria. Allthis represents what Saaty 
alls the analysis phase. Su
h phase is 
arriedout by the a
tors that have a 
ommon goal and that, either individually orin 
o-operation, evaluate the matri
es of the pairwise 
omparisons.Between ea
h pair of 
onse
utive levels i and i + 1 ea
h matrix is evaluatedperforming pairwise 
omparisons between the elements of level i+1. If we 
allA one of those matri
es we have that its elements aij (with i; j = 1; : : : ; n)assume positive values from an a priori de�ned s
ale and satisfy the following
onditions:1. aii = 12. aji = 1aijIf matrix A satis�es su
h properties it is 
alled positive re
ipro
al. We notethat aij 
an assume a value (that represents the relative importan
e of ele-ment i with respe
t to element j) from the following s
ale of values ([Saa80℄):5With the term depth we de�ne the number of ar
s from an element of the hierar
hyto the root along the shortest path. 3



1 to denote equal importan
e, 3 to denote a weak importan
e of one over theother, 5 to denote essential or strong importan
e of one over the other, 7 todenote very strong or demonstrated importan
e of one over the other, 9 todenote absolute importan
e of one over the other, 2, 4, 6 and 8 to denoteintermediate values whereas aji assumes the re
ipro
al value (or vi
e versa).At this point (see Figure 1) we have to swit
h to the synthesis phase6whose aim is the de�nition of a normalized ve
tor of priorities of the threealternatives with respe
t to the main goal. The 
al
ulation of su
h ve
torturns into a series of eigenvalue/eigenve
tor problems. To see how this 
anhold we need some preliminary steps.On
e the matri
es have been de�ned we have to de�ne for ea
h of them anormalized ve
tor7 w of weights wi 2 [0; 1℄. Su
h weights are obviously notknown in advan
e otherwise we 
ould write:aij = wiwj (1)with i; j = 1; : : : ; n. For the moment let us suppose we live in an ideal worldso that the weights are known. From (1) we 
an get:aijwjwi = 1 (2)or (through simple algebra): nXj=1 aijwj = nwi (3)with i = 1; : : : ; n. In 
ompa
t form we 
an write equation (3) as:Aw = nw (4)with w = (w1; : : : ; wn). It is easy to see that (4) is an eigenvalue/eigenve
torproblem where n is the eigenvalue and w is the asso
iated eigenve
tor. Owingto the parti
ular form of the matrix A, if we denote with �i (i = 1; : : : ; n) itseigenvalues, we have: nXi=1 �i = n (5)We know from equation (4) that n in an eigenvalue of A so that (fromequation (5)) all the other eigenvalues are equal to 0. The 
ase where we6The synthesis phase is a purely 
omputational phase whose aim is the evaluation of ave
tor of priorities with the highest a

ura
y.7As a normalization 
ondition we have Pni=1 wi = 1.4



know the elements of A through the elements of w is the so 
alled 
onsistent
ase. In this 
ase matrix A is said 
onsistent8. If we now suppose to know theelements of the matrix A (through a set of pairwise 
omparisons) but not theweights w we 
an solve the problem9 (4) and obtain the maximum eigenvalue�max and the asso
iated eigenve
tor w. We note that if A is 
onsistent, fromthe pre
eding remarks we have that �max = n is the only non null eigenvalueto whi
h the required eigenve
tor of the weights is asso
iated.If, on the other hand, A is not fully 
onsistent we have that �max � n andthe other eigenvalues are su
h that �i � 0. In this 
ase the eigenve
tor10 w0represents a proxy of the \real" eigenve
tor w and su
h approximation is thebetter the more �max tends to n. The methods has been indeed endowed bySaaty ([Saa80℄) with a 
riterion that allows the evaluation of the 
onsisten
yboth of the matrix A and of eigenve
tor w we obtain from it. Su
h 
riterion,if it is violated, does not prevent the use of su
h results but simply gives astrong hint that pairwise 
omparisons must be 
arefully revised so to attainto a better set of pairwise rankings.The 
riterion is basi
ally grounded on the de�nition of a 
onsisten
y indexC:I: and a 
onsisten
y ratio C:R: The former is de�ned as:�max � nn� 1 (8)Su
h index is 
ompared with the average random index R:I: R:I: representsthe 
onsisten
y index of a randomly generated re
ipro
al matrix on the s
ale1� 9. It allows us to obtain the C:R: index as a ratio:C:R: = C:I:R:I: (9)Values of C:R: lower than 0:10 de�nes the matrix A we are working with asa

eptable, slightly higher values must be 
onsidered with 
are, really higher8We note that in the general 
ase the matrix A is 
onsistent if and only if its elementssatisfy 
onditions 1. 2. and the following transitive relation:aij = aikakj (6)with i; j; k = 1; : : : ; n.9We note that owing to the stru
ture of a 
onsistent matrix A all the eigenvalues arenon negative. In the general 
ase a problem su
h as:Aw = �w (7)
an be solved by imposing det(A��I) = 0 so to de�ne the eigenvalues and the asso
iatedeigenve
tors.10Again su
h a ve
tor must satisfy the normalization 
ondition Pni=1 w0i = 1.5



values should turn into the reje
tion of the matrix A. On [Saa80℄ the follow-ing table of averages R:I: values is provided:1 2 3 4 5 6 7 8 9 10 11 12 13 14 150 0 .58 .9 1.12 1.24 1.32 1.41 1.45 1.49 1.51 1.48 1.56 1.57 1.59where the values on the �rst row are the dimension of A whereas those onthe se
ond row are the values of the 
orresponding average11 R:I:At this point we have the matri
es Ai and the asso
iated eigenvalues �i andeigenve
tors wi and of ea
h matrix we 
an say if it is enough 
onsistent ornot. We have to 
ombine all these bri
ks together so to obtain a ranking ofthe alternatives with respe
t to the main goal.If we 
all A1 the matrix of the pairwise 
omparisons between the n1 elementsat level 1 with respe
t to the main goal (level 0) we have a ve
tor of theweights of n1 
omponents that we may 
all L1. If at level 2 we have n2 ele-ments through pairwise 
omparisons we get n1 matri
es n2�n2 and thereforen1 eigenve
tors of n2 elements ea
h. In this way we 
an 
onstru
t a matrixn2 � n1 and 
all it L2. At this point if we want to evaluate the weights ofthe elements at level 2 with respe
t to the main goal we 
an simply evaluatethe produ
t: L2L1 (10)so to get a normalized ve
tor of n2 elements. In a similar way we 
an de�nethe matri
es of the pairwise 
omparisons of the elements at level 3 withrespe
t to those at level 2, be it A2, and de�ne the matrix L3 of the ve
torsof the weights. In order to get the weights of the elements at level 3 withrespe
t to the main goal we 
an evaluate:L3L2L1 (11)so to get a normalized ve
tor of n3 elements. Further pra
ti
al details willbe given in the next Se
tions. For the moment we only note that throughequations su
h as (10) and (11) we 
atten the hierar
hy by evaluating thepriorities of the elements of any level with respe
t to the main goal.The last step is a set of 
omputationally \light" pro
edures for the evaluationof the normalized eigenve
tors from the matri
es Ai without solving the as-so
iated 
hara
teristi
 equations. In [Saa80℄, pages 19 and 20, �ve methodsof in
reasing pre
ision and 
omplexity are provided. All su
h methods arebased on the parti
ular form of matrix A.11It is easy to understand why in 
ases n = 1 and n = 2 the problem of 
onsisten
y
annot arise. More pre
isely the problem of 
onsisten
y arises only when the dimensionof the matri
es is greater than 2. 6



1. The less pre
ise�less 
omplex. We sum the elements of ea
h row anddivide su
h a value with the sum of all the elements of the matrix. Theratio for the i-th row gives the i-th element of the eigenve
tor w thatis normalized by 
onstru
tion.2. Higher pre
ision�higher 
omplexity. We sum the elements of ea
h
olumn and then we evaluate the re
ipro
al of ea
h sum. To normalizewe divide ea
h re
ipro
al with the sum of the re
ipro
als.3. Good pre
ision�higher 
omplexity. We evaluate the sum of the ele-ments of ea
h 
olumn and divide ea
h element of a 
olumn for thatsum (we normalize ea
h 
olumn) so to obtain a new matrix. At thispoint we sum the elements on ea
h row of the new matrix and dividethe sum for the dimension of the matrix. In this way we evaluate anaverage over the normalized 
olumns.4. Good pre
ision�higher 
omplexity. We multiply the elements of ea
hrow among themselves, evaluate the n�th root (if n is the dimensionof the matrix) of that value and, lastly, normalize ea
h of su
h values.5. Exa
t solution�highest 
omplexity. We raise the matrix A to an ar-bitrarily large power and then divide the sum of the elements of ea
hrow of the resulting matrix by the sum of the elements of su
h matrix.Pre
ision of every method is measured by 
omparing the results with thoseobtained by solving the 
orresponding 
hara
teristi
 equations. We note thatif we evaluate the prin
ipal eigenve
tor w we 
an evaluate the asso
iatedeigenvalue by solving dire
tly equation (7). In this way, if the matrix Ais 
onsistent, we get n identi
al values otherwise we get n slightly di�erentvalues that we 
an average to get the \true" value of �max to be used toevaluate the degree of 
onsisten
y of the matrix.3 A few short notes on ele
toral systemsAt this point we present some short notes and 
omments on ele
toralsystems12. An ele
toral system represents a pro
ess ([dCMP+99℄) that 
anbe de
omposed in four phases:1. the de�nition of the ele
toral rules,12Further and better details 
an be found on [dCMP+99℄, [Saa01℄ and [BMMP+00℄among the many. 7



2. the vote expression,3. the vote-to-seat translation,4. the government formation.As su
h it is a very 
omplex pro
ess, nevertheless well suited for a uni�edformal des
ription with the language of elementary set theory ([dCMP+99℄),and whose performan
e 
an be \measured" with a set of 
riteria and indi
a-tors ([dCMP+99℄).Though 
omplex, an ele
toral system, starting from ea
h voter's ranking of aset of alternatives (the 
andidates) from the best to the worse without ties13,aims at aggregating su
h rankings in a global so
ial ranking. Unfortunatelythis is a very hard task and literature is full of impossibility results (see[Saa01℄ for many paradoxes and some possible solutions). The main resultswe want to 
ite in passing here are:1. Arrow's [im℄possibility Theorem14 that ([BMMP+00℄), roughly speak-ing, states that, with more than three 
andidates, there is no aggrega-tion methods that 
an satisfy simultaneously the properties of Univer-sal Domain, Transitivity, Unanimity or Pareto 
ondition (or prin
iple),Binary Independen
e and Non-di
tatorship (see Se
tion 4 for the de�-nitions);2. Sen's Theorem ([Saa01℄) that is based on a 
ondition of Minimal Liber-alism (ML)15 and states that with three or more alternatives and twoor more voters with a So
ial Welfare Fun
tion, if Universal Domain,ML and Pareto are satis�ed we are damned to have pro�les (or setsof preferen
es) that have 
y
li
 out
omes (and so fall in the Condor
etparadox of voting);3. Gibbard-Satterthwaite Theorem ([BMMP+00℄) that 
on
erns strategi
voting (or the 
onvenien
e of not expressing one's true preferen
es) andthat states that with more than two 
andidates there exists no aggre-gation method that satis�es simultaneously the properties of UniversalDomain, Non-manipulability and Non-di
tatorship.13As it will be evident from our examples, in this paper we are going to relax su
h ahypothesis and use also an indi�eren
e relation among the alternatives.14Su
h a theorem 
omes in three versions ([Tay05℄): one for the So
ial Choi
e Fun
tions,one for the So
ial Welfare Fun
tions and one for the Voting Rules. Anyway, in all theversions it prevents even a minimal set of properties from being satis�ed at the same time.15A So
ial Welfare Pro
edure or Fun
tion, or a pro
edure for the ranking of a set ofalternatives, is said to satisfy ML if ([Saa01℄) ea
h of at least two voters is de
isive overa pair of alternatives so that his/her ranking of su
h pair determines that pair's so
ietalranking. 8



We note that:1. the properties we have listed with Arrow's [im℄possibility theorem arereally minimal for any real demo
rati
 pro
ess and that things are evenworse ([BMMP+00℄) if we wished to de�ne a method that satis�edadditional properties su
h as Neutrality, Separability, Monotoni
ity,Non-manipulability and so on;2. similar 
onsiderations hold also for Gibbard-Satterthwaite Theoremand Sen's Theorem. Both are hard to a

ept (this is true also forArrow's Theorem, see [Saa01℄ for a deep dis
ussion and some tentativesolutions) and stir up our hope of designing a perfe
t voting system.Anyway ranking alternatives is needed in many �elds so that many\imperfe
t" voting systems have been devised and used sin
e a longtime. Here we only note that ML maybe should be put in 
ontextwith a new examination of the Condor
et voting paradox and that thedanger of manipulability 
an be redu
ed by imposing 
onstraints thatmake harder the presentation of stray (dummy) 
andidates.4 The desired properties or the \wish lists"In this Se
tion we start with the \wish lists" of the ele
toral systems.Unfortunately su
h lists, as it should be 
lear after Se
tion 3, are nothingmore than impossible dreams. Anyway, our main goal is to re
all some basi
de�nitions so to frame them in the 
ontext of the present paper. We startwith a �rst \wish list" or a �rst group of basi
 properties that are involvedin Arrow's Theorem. We derive our de�nitions essentially from [BMMP+00℄and [dCMP+99℄.1. Universal Domain means that the 
hosen aggregation method mustbe universally appli
able so that from any rankings of the voters itmust yield an overall ranking of the 
andidates.2. Transitivity requires that the aggregation of the rankings must be aranking, with possible ties, that satis�es transitivity.3. Unanimity or Pareto 
ondition16 implies that, if ea
h voter ranksa 
andidate higher than another, this ranking must be re
e
ted in theoverall ranking.16We note that though [Tay05℄ di�erentiates the two properties we 
onsider them assynonyms. 9



4. Binary Independen
e (or Independen
e from Irrelevant Alterna-tives) requires that the relative position of two 
andidates in the overallranking depends only on their relative position in ea
h voter's rankingso that all the other alternatives are seen as irrelevant with regard tothose 
andidates.5. Non-di
tatorship means that there is no voter that 
an imposehis/her ranking as the overall so
ial ranking.In passing we note that.1. Condor
et method (the one of the pairwise 
omparisons between 
andi-dates) satis�es properties 1:, 3:, 4: and 5: so that, by Arrow's Theorem,it must fail property 2: and indeed a Condor
et winner does not ne
-essarily exists owing to the existen
e of 
y
les among 
andidates;2. Borda method (the one of the global ranking of the 
andidates) satis�esproperties 1:, 2:, 3: and 5: so that, by Arrow's Theorem, it must failproperty 4: and indeed Borda method su�ers from this drawba
k that
an be exploited to manipulate the overall ranking17.At this point we 
ould enlarge the basi
 list (and make things even worse)by adding the following properties18.1. Anonymity ([Tay05℄) requires that voters are treated the same wayso that the overall ranking is independent from any permutation of thevoters.2. Neutrality ([Tay05℄) means that alternatives are treated the same wayso that the overall ranking is independent from any permutation of thealternatives.3. Separability ([BMMP+00℄) requires that if we perform an ele
tionwith two separate set of voters and obtain a winner 
andidate on ea
hset su
h 
andidate remains a winner if we repeat the ele
tion with thesame method on the union of the two set of voters.4. Monotoni
ity ([Tay05℄) requires that a winner remains a winner whena voter inter
hanges the winning alternative with the one that voterranks immediately above it.17We note however that [Saa01℄, at page 148, states that \when ways to 
ir
umvent thediÆ
ulties of Arrow's Theorem are examined . . . only the Borda Count survives all of thedi�erent requirements".18We note that some of these properties may take a di�erent meaning when we willexamine proportional and majoritarian methods.10



5. Non-manipulability is a very 
omplex issue ([Tay05℄ but essentiallyit means that the overall ranking of a set of 
andidates does not dependeither on the agenda or on the presen
e or stray 
andidates or on theexpression of non true preferen
es.At this point, in order to deepen our examination of ele
toral systems,we 
an give the \wish lists" of properties for both majoritarian methods(where only one seat is assigned in every distri
t) and proportional methods(where S seats are assigned in every distri
t). We takes the de�nitions from[dCMP+99℄ and list them very 
on
isely mainly as a help for a better under-standing of subsequent Se
tions.Majoritarian methods are 
hara
terized by the following properties.1. Condor
et winner: it is the winner of all pairwise 
omparisons, if itexists it should be the winner of the ele
toral 
ompetition.2. Condor
et loser: a method should not 
hoose the 
andidates thatloses every pairwise 
omparison with all the other 
andidates.3. Monotoni
ity: a method is monotone if the number of seat assignedto a party does not de
rease if the number of its supporters grow.4. Pareto prin
iple: if all the voters prefer a 
andidate to another thelatter 
annot be 
hosen.5. Weak Axiom of Revealed Preferen
e: it requires that, (a), if a
andidate is a winner on a set X it must remain a winner also on anysubset X 0 � X to whi
h he/she belongs and that, (b), if there areties among 
andidates in X 0 � X those 
andidates at par must be alleither in
luded or ex
luded from X. This axiom is used to get votingmethods immune from manipulations on the set of 
andidates throughthe addition of stray 
andidates.6. Path independen
e: a method satis�es path independen
e if theout
ome is independent from the ordering of the phases that are usedfor the sele
tion of the 
andidates.
11



We note, in passing, that First-past-the-post19 method satis�es anonymity(as already de�ned), 4: and 5: whereas Double ballot and Single trans-ferable vote methods satisfy anonymity, 2: and 4:Proportional methods are 
hara
terized by the following properties.1. House monotoni
ity means that if the number of seats passes fromS to S + 1 no party gets fewer seats.2. Quota satisfa
tion requires that the number of seats ea
h party re-
eives is as 
lose as possible to its exa
t quota and so to a per
entageof the total seats that is almost equal to the per
entage of the votes itre
eives.3. Population monotoni
ity ([dCMP+99℄) \if a party (or state) witha growing weight 
annot lose a seat in favour of a party (or state) witha de
lining weight".4. Consisten
y requires that any partial assignment is itself propor-tional.5. Stability means that whenever two parties merge in a 
oalition (or anew party) they do not get fewer seats that those they get as separateentities.We note, in passing, that Quota method20 satis�es anonymity, 1:, 2:, 4:(only with regard to pairs of eligible parties) and 5: whereas Largest re-mainders method satis�es anonymity, 2: and 5:5 The light stu�Let us start with a very simple exer
ise. We suppose to have three votersand four alternatives that must be ranked so to de�ne the best alternative19This is a method of the majoritarian family where \winner takes all" so that in everyuninominal distri
t the 
andidate that re
eives a majority of votes is ele
ted independentlyfrom the obtained per
entage. Double ballot is arti
ulated into two rounds (with orwithout threshold) so that the se
ond o

urs only if in the �rst no 
andidate gets anabsolute majority of votes. If this o

urs the most voted 
andidate is ele
ted. In the 
aseof Single transferable vote we have an iterative pro
edure where the less voted 
andidateis dropped and his votes are transferred to his next most preferred 
andidate still in
ompetition until when one 
andidate rea
hes more that 50% of the votes 
ast.20Quota method assigns the seats by evaluating a quota and rounding it up or down.Su
h a quota is evaluated as qi = SV vi where S is the total number of seats, V is the totalnumber of votes and vi is the number of votes of party i. Largest remainder method usessu
h a quota qi to evaluate a remainder ri = qi � bq � i
 to assign the not yet dire
tlyassigned seats to the parties with the highest values of the remainder.12



among the four or, at least, a total ordering on them.

Figure 2: Three voters and four alternativesThe situation is shown in Figure 2. The Main Goal (i.e. the ranking of thealternatives) is labelled as MG whereas voters are labelled as v1; v2; v3; v4and a similar 
onvention holds also for the four alternatives. As a �rst stepwe evaluate the normalized ve
tor of the weights of the voters with regard toMG. It is easy to see that imposing a full symmetry of the three voters we geta fully 
onsistent 3� 3 matrix with all elements at 1 to whi
h it 
orrespondsthe eigenvalue �max = 3 and an eigenve
tor L1 = (1=3; 1=3; 1=3). This resultis 
onsistent also with our intuition of a fair evaluation tool sin
e it seemsobvious that the three voters have the same weight in the pro
ess. As thesu

essive (and last in this 
ase) step we have to evaluate three matri
es 4�4of the pairwise 
omparisons of the four alternatives, ea
h matrix with regardto a single voter. For these evaluations we use the s
ale 1� 9 we introdu
edin Se
tion 2 and suppose that the four voters have respe
tively the followingpreferen
es on the alternatives21:1. a1 > a2 > a3 > a4,2. a4 > a3 > a2 > a1,3. a3 � a4 > a2 � a1.As to the three matri
es we have those in Tables 1, 2 and 3.By using the method of the n�th root of the produ
t it is easy to evaluatethe eigenve
tors of su
h matri
es, the 
orresponding eigenvalues and verifythat every C:R: falls below the threshold suggested by Saaty so that ea
hmatrix is 
onsistent. Su
h eigenvalues form the matrix L2 of Table 4. At this21We denote with > a binary relation of stri
t preferen
e and with � a binary relationof indi�eren
e. No rationality hypothesis is imposed on the voters and su
h relations aresupposed to be endowed with 
lassi
al properties.13



v1 a1 a2 a3 a4a1 1 2 5 7a2 1/2 1 2 3a3 1/5 1/2 1 2a4 1/7 1/3 1/2 1Table 1: Pairwise 
omparisons with regard to v1v2 a1 a2 a3 a4a1 1 2 1/2 1/4a2 1/2 1 1/3 1/6a3 2 3 1 1/3a4 4 6 3 1Table 2: Pairwise 
omparisons with regard to v2point the normalized ve
tor of the weights of the alternatives with respe
t tothe main goal 
an be easily evaluated as:W = L2L1 (12)so to get: W = (0; 2559 0; 1371 0; 2571 0; 3498) (13)From expression (13) we 
an easily dedu
e the following (and possibly 
ounterintuitive) ordering on the alternatives:a4 > a3 > a1 > a2 (14)At this point a question (at least) spontaneously arises: and now? We got aranking, right. Can we use it as if it was an ele
tion out
ome? Maybe. Themain problem to fa
e is the in
onsisten
y issue. In the general 
ase, indeed,we 
an have one or more in
onsistent matri
es: how 
an we deal with this?There is any threshold above whi
h we should reje
t a ranking? Or shouldwe 
onsider it anyhow valid? Anyway be patient, we are going to give somemore hints in Se
tion 8.6 Some harder stu�After that simple exer
ise, in this Se
tion we have major aims. We usea set of properties that 
hara
terize the families of majoritarian and propor-tional methods to obtain a ranking of those properties and, depending of14



v3 a1 a2 a3 a4a1 1 1 1/5 1/5a2 1 1 1/5 1/5a3 5 5 1 1a4 5 5 1 1Table 3: Pairwise 
omparisons with regard to v3
L2 = W1 W2 W30,5488 0,1355 0,08330,2497 0,0782 0,08330,1269 0,2279 0,41670,0745 0,5583 0,4167Table 4: Matrix L2this ranking, de�ne the \preferred" method within ea
h family. Of 
oursewhat we present su�ers some drawba
ks but our intent is to introdu
e thehierar
hi
 method and to show how it 
an be used to perform su
h tasks (see[dCMP+99℄).Among the drawba
ks we 
ite:1. the rankings have been exe
uted by a single person (or two at the most),2. in many 
ases they have not been performed having a deep and soundknowledge and experien
e of the involved properties,3. many of the rankings have been performed having in mind more theneed to get 
onsistent matri
es than any deep 
omparison among theinvolved properties.The �rst very simpli�ed situation is illustrated in Figure 3 where we supposeto have (only) four voters who rank the six main properties that 
hara
ter-ize proportional methods and so: Anonymity (A), House Monotoni
-ity (HM), Quota Satisfa
tion(QS), Population Monotoni
ity (PM),Consisten
y (C) and Stability (S).If we perform the pairwise rankings for ea
h voter we 
an get the Tables 5,6, 7 and 8.We note that the four voters have respe
tively the following preferen
e or-derings:1. A > HM > QS > PM > C > S15



Figure 3: Ranking properties of proportional methodsv1 A HM QS PM C SA 1,00 2,00 3,00 4,00 6,00 9,00HM 0,50 1,00 2,00 2,00 3,00 4,00QS 0,33 0,50 1,00 1,00 2,00 2,00PM 0,25 0,50 1,00 1,00 2,00 2,00C 0,17 0,33 0,50 0,50 1,00 2,00S 0,11 0,25 0,50 0,50 0,50 1,00Table 5: Pairwise 
omparisons with regard to v12. A � HM > QS � PM > C > S3. S > C � PM > A > HM � QS4. QS > HM � A > PM � C � SAlso in this 
ase, by using the method of the n�th root of the produ
t,it is easy to evaluate the eigenve
tors of su
h matri
es, the 
orrespondingeigenvalues and verify that every C:R: falls below the threshold suggested bySaaty so that ea
h matrix is 
onsistent. Su
h eigenvalues form the matrix L2of Table 9. Also in this 
ase, if we suppose that the four voters have the sameweight with regard to the Main Goal (MG) and de�ne the proper matrix atlevel 1, we get a matrix whose elements are all 1. Both by performing the
al
ulations and by using fairness 
onsiderations it is easy to see that aseigenve
tor of level 1 we get L1 = (0; 25 0; 25 0; 25 0; 25) so that as L2L1 weget the 
ontent of Table 10. In that table the �rst 
olumn 
ontains the ve
torof the rankings of the properties with regard to the main goal, the se
ond
ontains the listing of the mnemoni
s of the properties and the last theirpla
e in the 
lassi�
ation. A 
lose inspe
tion of Table 10 and a 
omparison16



v2 A HM QS PM C SA 1,00 1,00 3,00 3,00 5,00 7,00HM 1,00 1,00 3,00 3,00 5,00 7,00QS 0,33 0,33 1,00 1,00 5,00 7,00PM 0,33 0,33 1,00 1,00 5,00 7,00C 0,20 0,20 0,20 0,20 1,00 2,00S 0,14 0,14 0,14 0,14 0,50 1,00Table 6: Pairwise 
omparisons with regard to v2v3 A HM QS PM C SA 1,00 2,00 2,00 1,00 1,00 0,20HM 0,50 1,00 1,00 0,50 0,50 0,14QS 0,50 1,00 1,00 0,50 0,50 0,14PM 1,00 2,00 2,00 1,00 1,00 0,33C 1,00 2,00 2,00 1,00 1,00 0,33S 5,00 7,00 7,00 3,00 3,00 1,00Table 7: Pairwise 
omparisons with regard to v3with the results of the table at page 83 of [dCMP+99℄22 allow us to assertthat on the basis of our results the \best" proportional method (or, more
orre
tly, the method the four voters prefer) is the quota method. We noteindeed how the properties A, HM and QS summed up have a weight of 0; 65or: WA +WHM +WQS = 0; 65 (15)It is obvious that by 
hanging the preferen
es of the voters (and also byaugmenting their number) we surely get a di�erent ordering, probably withties, to whi
h, again with regard to the 
ited table of of [dCMP+99℄, 
an
orrespond either another \winner" or a pair of \winners" or no winner atall. Let us suppose, for instan
e, that only voter v2 
hanges his/her pair-wise 
omparisons and takes those of Table 11 (asso
iated to the followingpreferen
e ordering PM > A � C > S > HM > QS). If we evaluate thenew eigenve
tor W2 we get, obviously, a di�erent ve
tor that gives rise to adi�erent se
ond 
olumn of matrix L2. This turns into a somewhat di�erent�nal priority ve
tor, see Table 12. A 
lose inspe
tion of Table 12 and a 
om-22From that table we have that largest remainders methods satisfy A, QS and S;divisor methods satisfy A, HM , PM , C and S (but only in spe
ial 
ases) and quotamethod satis�es A, HM , QS, C (but only in spe
ial 
ases) and S.17



v4 A HM QS PM C SA 1,00 1,00 0,33 2,00 2,00 2,00HM 1,00 1,00 0,33 2,00 2,00 2,00QS 3,00 3,00 1,00 7,00 7,00 7,00PM 0,50 0,50 0,14 1,00 1,00 1,00C 0,50 0,50 0,14 1,00 1,00 1,00S 0,50 0,50 0,14 1,00 1,00 1,00Table 8: Pairwise 
omparisons with regard to v4
L2 = W1 W2 W3 W40,43 0,31 0,13 0,150,22 0,31 0,07 0,150,12 0,15 0,07 0,480,11 0,15 0,14 0,070,07 0,05 0,14 0,070,05 0,03 0,47 0,07Table 9: Matrix L2parison with the results of the table at page 83 of [dCMP+99℄ (see footnote22) allow us to assert that on the basis of our results the \best" proportionalmethod (or, more 
orre
tly, the method the four voters prefer) are, in this
ase, the largest remainder methods: we note indeed that the propertiesA, QS and S weigh almost 60% over the total of the six properties.Now we go through a similar exer
ise but with regard to the properties ofmajoritarian methods. In Figure 4 we again suppose to have (only) fourvoters who, in this 
ase, rank the six main properties that 
hara
terize ma-joritarian methods and so: Anonymity (A), Condor
et Winner (CW ),Condor
et Loser(CL), Pareto Prin
iple (PP ), Weak Axiom of Re-vealed Preferen
es (WARP ) and Path Independen
e (PI).In this 
ase we give only the matrix L2 of the eigenve
tors and the ve
tor ofthe priorities of the properties with regard to the main goal (and make some
omments). We note that the four matri
es that provide the eigenve
tors ofL2 are based on the following preferen
e orderings:1. A > CW > CL > PP > WARP > PI2. CW � CL > PP > PI > A � WARP3. PP > A > PI > WARP > CW � CL18



L2L1 = W0,25 A 10,19 HM 30,21 QS 20,12 PM 50,08 C 60,16 S 4Table 10: Final ranking and 
lassi�
ationv2 A HM QS PM C SA 1,00 3,00 6,00 0,50 1,00 3,00HM 0,33 1,00 2,00 0,20 0,33 0,50QS 0,17 0,50 1,00 0,14 0,14 0,20PM 2,00 5,00 7,00 1,00 2,00 4,00C 1,00 3,00 7,00 0,50 1,00 2,00S 0,33 2,00 5,00 0,25 0,50 1,00Table 11: New pairwise 
omparisons with regard to v24. PP > PI > A � WARP > CW > CLThe four matri
es 
an be shown to be fully 
onsistent a

ording to the Saaty
riterion. The �nal results are those of Table 13. The sixth 
olumn of thattable is obtained by a matrix�ve
tor multipli
ation between the �rst four
olumns and the �fth 
olumn. From the values of the last 
olumn we 
andevise the following ordering:PP > A > CW > CL > PI > WARP (16)with: WPP +WA +WCL = 0:64 (17)and: WPP +WA +WWARP = 0:57 (18)Result (16), in the light of the table at page 78 of [dCMP+99℄23 and equations(17) and (18), 
an be a little bit tri
ky to interpret. By 
onfronting all su
hinformations we 
an say that:23From that table we have that:1. First-past-the-post method satis�es A, PP and WARP ;2. double ballot and single transferable vote satisfy A, CL and PP ;19



L2L1 = W0,23 A 10,13 HM 50,18 QS 20,17 PM 40,12 C 60,18 S 2Table 12: Another �nal ranking and 
lassi�
ation

Figure 4: Ranking properties of majoritarian methods1. both Double ballot and Single transferable vote methods satisfyA, CL and PP (and only these properties);2. only First-past-the-post method satis�es A, PP and WARP .By adding the 
orresponding elements of the priority ve
tor up, all we 
andevise therefore is the following preferen
e ordering:Single transferable vote � Double ballot > F irst� past� the� post (19)and rea
h a �nal de
ision by using other 
riteria.7 Two other attempts of rankingIn this Se
tion we show two other attempts of performing a ranking ofele
toral systems. In the �rst simple exer
ise we 
onsider high level propertiessu
h as TRansitivity (TR), Universal Domain (UD), Binary Indepen-den
e (BI) and Pareto 
ondition (P ). Figure 5 shows the 
ase of four3. approval voting satis�es A, WARP and PI .20



W1 W2 W3 W4 W0 W0,49 0,05 0,21 0,17 0,25 0,23 A0,16 0,35 0,06 0,05 0,25 0,15 CW0,13 0,35 0,06 0,03 0,25 0,14 CL0,11 0,12 0,43 0,42 0,25 0,27 PP0,07 0,05 0,10 0,08 0,07 WARP0,04 0,08 0,15 0,24 0,13 PITable 13: Majoritarian methods: the ve
tors of the weights and the �nalranking

Figure 5: Ranking ele
toral systems through ranking some basi
 propertiesvoters that perform a ranking (trough pairwise 
omparisons) of these basi
properties. The four matri
es of the pairwise 
omparisons are those of Tables14, 15, 16 and 17.Su
h Tables are respe
tively based on the following preferen
e orderings ofthe four voters:1. TR > UD � BI � P2. P > TR > UD > BI3. TR > P � UD > BI4. UD > P > TR > BIBy performing the proper 
al
ulations it is easy to verify that all su
h ma-tri
es are 
onsistent and that the eigenve
tors24 are those of the �rst four24It is obvious that in all the following 
ases:21



v1 TR UD BI PTR 1,00 3,00 3,00 3,00UD 0,33 1,00 1,00 1,00BI 0,33 1,00 1,00 1,00P 0,33 1,00 1,00 1,00Table 14: A �rst ranking of ele
toral systems, 
ase of v1v2 TR UD BI PTR 1,00 1,00 2,00 0,33UD 1,00 1,00 2,00 0,20BI 0,50 0,50 1,00 0,14P 3,00 5,00 7,00 1,00Table 15: A �rst ranking of ele
toral systems, 
ase of v2
olumns of Table 18 whereas the �fth 
olumn represents the eigenve
tor ofthe matrix of the pairwise 
omparisons of the four voters with regard to themain goal. From both 
al
ulations and fairness 
onsiderations it is easy tosee that su
h a ve
tor has all 
omponents equal to 0; 25. The sixth 
olumngives the global weights or priorities of the four properties with regard to themain goal. With our data we have TR � P > UD > BI. Su
h a rankingis satis�ed, for instan
e, by the Borda 
ount that does not satisfy binaryindependen
e. This does not mean of 
ourse that Borda 
ount is the onlymethod that satis�es our data but only that it is one of the methods that dothat and, so, 
an be legitimately 
hosen. We note indeed that:WTR +WUD +WP = 0:90 (20)so that Binary independen
e 
an be surely negle
ted.The se
ond attempt involves a ranking between majoritarian methods Mand proportional methods P if we 
onsider them as two opposing familiesof methods. The basi
 idea is shown in Figure 6. In this 
ase we supposeto have three a
tors (labelled as a
1, a
2 and a
3) that use four properties(labelled as p1, p2, p3 and p4) to obtain a ranking between the majoritarianmethod M and the proportional method P to see whi
h is \better" on the1. all eigenve
tors are evaluated a

ording to the method of the n�th root of theprodu
t,2. all eigenve
tors are normalized. 22



v3 TR UD BI PTR 1,00 3,00 5,00 3,00UD 0,33 1,00 2,00 1,00BI 0,20 0,50 1,00 0,50P 0,33 1,00 2,00 1,00Table 16: A �rst ranking of ele
toral systems, 
ase of v3v4 TR UD BI PTR 1,00 0,17 3,00 0,25UD 6,00 1,00 9,00 2,00BI 0,33 0,11 1,00 0,14P 4,00 0,50 7,00 1,00Table 17: A �rst ranking of ele
toral systems, 
ase of v4basis of the pairwise rankings of su
h properties. In this 
ase we have a

Figure 6: Majoritarian or proportional? The basi
 dilemmarooted hierar
hy where the leaves are at level 3 so we have to de�ne thematri
es for three layers and pre
isely:1. 4 matri
es 2 � 2 at level 3 to whi
h there 
orresponds a matrix 2 � 4of four eigenve
tors L3;2. 3 matri
es 4 � 4 at level 2 to whi
h there 
orresponds a matrix 4 � 3of three eigenve
tors L2; 23



W1 W2 W3 W4 W0 W0,50 0,17 0,53 0,10 0,25 0,32 TR0,17 0,15 0,19 0,54 0,25 0,26 UD0,17 0,08 0,10 0,04 0,25 0,10 BI0,17 0,60 0,19 0,32 0,25 0,32 PTable 18: The ve
tors of the weights and the �nal ranking3. 1 matrix 3� 3 at level 1 to whi
h there 
orresponds a matrix 3� 1 ofone eigenve
tor L1.In this way we 
an evaluate the priorities ve
tor W of the two alternativesM and P with respe
t to the root of the hierar
hy (or the main goal) as aprodu
t of matri
es: W = L3L2L1 (21)From 
onsiderations we have already made elsewhere in Se
tions 6 and 7 ofthis paper it is easy to see that L1 = (0; 33 0; 33 0; 33). The hard part is thede�nition of the four properties. We 
an try with the followings properties(
orresponding respe
tively to the pi of Figure 6)25:1. Ele
toral Parti
ipation (EP ) de�ned, roughly speaking, as the ratiobetween the number of vote 
ast and the di�eren
e between the totalnumber of voters and the number of vote 
ast;2. Number of Politi
al Parties (NPP ) de�ned through parametersthat 
ount both the number of parties that 
ompete in a given ele
tionand their relative strength;3. Ele
toral Volatility (EV ) as a measure of the ele
toral 
uxes amongthe 
ompeting parties from one ele
toral 
ompetition to the su

essiveone;4. Government Stability (GS) measured as a fun
tion of the longevityof the governments.On
e the a
tors have been singled out (as either voters or 
andidates), ea
h ofthem must evaluate the matrix of the pairwise 
omparisons of the propertiesbut, together with the others, must de�ne the needed pairwise 
omparisonsmatri
es of the alternatives with regard to ea
h of the properties. Apart from25We give only rough de�nitions of su
h properties. For further and more exa
t detailssee [dCMP+99℄. 24



this potential diÆ
ulty (that we are going to examine brie
y in Se
tion 8),our three a
tors are supposed to a
t respe
tively a

ording to the followingpreferen
e orderings:1. EP > NPP > GS � EV2. EP > EV > NPP � GS3. GS > NPP > EP > EVWe note that the properties are 
onsidered from an abstra
t point of viewas to their relevan
e with regard to a method without 
onsiderations su
h as\the higher is the better" or \the lower is the better". Of 
ourse ea
h of thea
tors, performing a 
omparison, makes su
h 
onsiderations and the resultmay di�er depending on the type of ea
h a
tor. We 
an imagine that votersare more interested in EP and NPP whereas 
andidates are more interestedin GS.In what follows we give only a brief outline of the solution. In Table 19 weshow the four matri
es at level 3.EP M P NPP M P EV M P GS M PM 1,00 0,33 M 1,00 0,50 M 1,00 0,20 M 1,00 4,00P 3,00 1,00 P 2,00 1,00 P 5,00 1,0 P 0,25 1,00Table 19: Pairwise 
omparisons with regard to the propertiesIt is easily seen how su
h matri
es are fully 
onsistent. Next we give thethree matri
es of the pairwise 
omparisons of the properties with regard toea
h a
tor. Su
h matri
es of Tables 20, 21 and 22 are evaluated a

ordingto the aforesaid preferen
e orderings.a
1 EP NPP EV GSEP 1,00 5,00 7,00 7,00NPP 0,20 1,00 2,00 2,00EV 0,14 0,50 1,00 1,00GS 0,14 0,50 1,00 1,00Table 20: Pairwise 
omparisons with regard to a
1It is easy to verify that these three matri
es are fully 
onsistent. At thispoint we have: 25



a
2 EP NPP EV GSEP 1,00 7,00 3,00 7,00NPP 0,14 1,00 0,50 1,00EV 0,33 2,00 1,00 2,00GS 0,14 1,00 0,50 1,00Table 21: Pairwise 
omparisons with regard to a
2a
3 EP NPP EV GSEP 1,00 0,50 2,00 0,20NPP 2,00 1,00 3,00 0,33EV 0,50 0,33 1,00 0,11GS 5,00 3,00 9,00 1,00Table 22: Pairwise 
omparisons with regard to a
31. a matrix L3 2�4 of the eigenve
tors of the priorities of the alternativeswith respe
t to the properties,2. a matrix L2 4� 3 of the eigenve
tors of the priorities of the propertieswith respe
t to the a
tors,3. a matrix L1 3�1 of the eigenve
tors of the priorities of the a
tors withrespe
t to the main goal26.With all the ingredients at our disposal we 
an obtain the priorities of thetwo alternatives with respe
t to the main goal as:W = L3L2L1 (22)With some easy algebra we �nd:W = (0; 3970 0; 6029) (23)so to get: P > M (24)26Again we have that the ve
tors of priorities of the three a
tors with respe
t to themain goal is L1 = (0; 333 0; 333 0; 333).
26



8 The hierar
hy: a real solution or a blindalley?In the previous Se
tions we have introdu
ed AHP and shown how wethink it 
an be used in the arena of ele
toral systems. In Se
tion 5 we haveused it as a sort of voting system whereas in Se
tions 6 and 7 we have usedit more as a meta-voting system or as a tool to obtain a ranking of pittedele
toral systems.In the former 
ase (but similar 
onsiderations hold also in the latter 
ase)indeed we set up a hierar
hy to have three voters get the ranking of fouralternatives and so a sort of \so
ial 
hoi
e fun
tion" of su
h alternatives.Are we sure in this way we got an ele
toral system that proves to be immunefrom the \
ontagion" of Arrow's Theorem and the other results we listedin se
tion 3? Saaty ([Saa80℄) is 
on�dent this is the 
ase but this is quiteobvious, he invented the method. A more neutral neutral sour
e su
h as[Saa01℄ makes us almost as 
on�dent as Saaty himself. In [Saa01℄ the authorshows how to over
ome su
h theoreti
al limitations by using methods thatdo not miss useful information though performing pairwise 
omparisons be-tween 
andidates. Our guess here is that the hierar
hy (through the use ofmatri
es) is what allows the preservation of su
h global information though,at ea
h instant, only pairwise 
omparisons are performed.So we are sure that the proposed method is a potential solution (at leastfrom a theoreti
al point of view) to the problem of de�ning a \perfe
t" vot-ing system.If the method we proposed is a real solution, nevertheless, many open prob-lems are yet present and beg for a solution. Here we list only the followings:1. how 
an the system shown in Se
tion 5 s
ale to be used with manymore voters and alternatives?2. how 
an be solved the problem of having a
tors evaluate the alternativeswith respe
t to the properties (see Figure 6)? would this work also formany more a
tors and alternatives?3. have we to 
are of any in
onsisten
y? and how? is there any in
on-sisten
y threshold (beyond the value of 0; 10) above whi
h we shouldde
lare any voting out
ome as null and so the ranking/voting as tobe repeated? If we are working with experts ranking poli
ies or al-ternatives and any of them provides a heavy in
onsistent matrix it isobviously possible to ask su
h an expert to be more a

urate and revisehis/her own judgements but what 
an we do in 
ase of an ele
tion?27



Alas, there is anyway yet the possibility that a more subtle and perverseversion e. g. of Arrow's Theorem is lurking out there. In this 
ase AHPwould prove nothing more than another blind alley (at least for the sear
hof a \perfe
t" voting system). Only works and resear
h 
an tell us whi
h isthe 
ase.9 Promising and keepingAt this point, before the �nal remarks and the good intentions of the
losing Se
tion, we have to a

ount for if we kept what we promised or notand, in this 
ase, why.Really we kept a lot of what we promised by introdu
ing a powerful and
exible method and showing how it 
an be used to perform global (\so
ial")rankings starting from individual judgements based on pairwise 
omparisonson a �xed ratio s
ale. Yet we did not keep something and basi
ally thefollowing points:1. the problem of how experts or a
tors 
an rank alternatives with regardto properties or poli
ies (see Figure 6);2. the problem of fully taking into a

ount the point of views and thegoals of voters and 
andidates (and, why not?, the ele
ted 
andidates);3. the problem of fully framing our approa
h among the other proposedapproa
hes (see, for instan
e, [dCMP+99℄) so to put in eviden
e itspotential strengths and (almost surely present) weaknesses.As to the �rst point we note that it involves the attainment of a 
onsensusamong the a
tors/voters/experts and this 
an happen essentially in two ways:1. as a 
o-ordinate and 
o-operative simultaneous e�ort of all the a
-tors/voters/experts,2. as a two step pro
ess where (a) every a
tor/voter/expert produ
esall the pairwise rankings, in
luding those of the others and (b) su
hrankings are merged in the appropriate global rankings.We have therefore a wide set of open problems that 
annot be solved onlyon a normative ground but that require a des
riptive approa
h based on onthe �eld experiments, that at the present we 
annot exe
ute, and this is themain reason we did not keep all the promises we made at the very start ofthe paper. 28



10 Con
luding remarks and future plansThis paper presents a somewhat di�erent approa
h to ele
toral systems.Our approa
h aims both at ranking ele
toral systems themselves and at de�n-ing a voting method for the ranking of alternatives. It is based on a hier-ar
hi
ally stru
turing of the voting system. In this way we de�ne a rootedhierar
hy. At the root we have the main goal whereas at the leaves we putthe obje
ts we want to rank through the hierar
hy. The paper represents astarting point in these two dire
tions: mu
h work needs indeed to be donein the future both from a theoreti
al and from a pra
ti
al/empiri
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