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Introduction

In this presentation we deal with fair allocations involving n ≥ 2
parties (or players).

We are therefore interested in how to determine if an allocation
among n parties of divisible/indivisible goods is fair or not.

We need some fairness criteria.

Note: this talk will be in PPEnglish (Personal Pisa English, a
personal dialect of the English spoken in Pisa, no simultaneous
translation service is available).
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Framing the problem: sharing (or allocating) is difficult

Sharing (or allocating) goods is difficult even in the simplest cases
like allocating an orange between two people (or parties).

(1) Through an arbitrator (that must perfectly know the
preferences of the parties (that must not be spiteful)):
(a) half an orange each (how many ways? how many cuts?);
(b) pulp (for a juice) and peel (as an ingredient for a cake);
(c) as a set of segments, half (? odd cardinality ?) a set each;
(d) conflicting requests?

(2) The parties themselves (maybe with the help of a
facilitator/mediator):
(a) as a divisible good;
(b) as a set of discrete parts: peel and segments, segments only,

peel and and pulp, seeds . . .

More complex cases: allocate either a bike or a bike ad pair of
umbrellas and so on (indivisible goods).
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At least i realize the bitterness of life...(a moral fable)

It seems that a lion, a fox and an ass participated in a joint hunt.
On request, the ass divides the kill into three equal shares and

invites the others to choose.
Enraged the lion eats the ass, then asks the fox to make the

division.
The fox piles all the kill into one great heap except for one tiny

morsel.
Delighted at this division, the lion asks: “Who has taught you, my
very excellent fellow, the art of division?” to which the fox replies:
“I learnt it from the ass, by witnessing his fate”. (Aesop’s Fables)

The lion’s share. Peer-to-peer relations (???)
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Definition of fairness

An allocation is said to be fair to the degree it satisfies a set of
criteria and enables each party to achieve a certain degree of
satisfaction independently from what other parties do (r1).

(r1) Steven J. Brams and Alan D. Taylor, “The Win-Win solution. Guaranteeing fair
shares to everybody”, W. W. Norton & Company, 1999
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The theoretical framework: fairness criteria

(1) envy-freeness,

(2) proportionality,

(3) equitability,

(4) efficiency.

If n = 2 ⇒ (1) ≡ (2)
If n > 2 ⇒ (1) ⇒ (2)
If n > 2 ⇒ (2) 6⇒ (1)
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Importance of fairness

Why is fairness so important?
If fairnesss is violated then at least one of the following cases
holds:

(1) no envy-freeness ⇒ we can get better allocations,

(2) no proportionality ⇒ we can get better allocations,

(3) no equitability ⇒ we can get better allocations,

(4) no efficiency ⇒ we can get better allocations.
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Classical definitions 1

(1) Envy-freeness

(1.a) An allocation is envy-free (r1, r2) if every party thinks to have
received a portion that is at least as valuable as the portion
received by every other party.

(2) Proportionality

(2.a) An allocation is proportional (r1, r2) if every party thinks to
have received a portion that is at least worth 1

n of the total
value.

(r1) Steven J. Brams and Alan D. Taylor, “The Win-Win solution. Guaranteeing fair
shares to everybody”, W. W. Norton & Company, 1999
(r2) Steven J. Brams and Alan D. Taylor, “Fair division. From cake-cutting to dispute
resolution”, Cambridge University Press, 1996
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Formalizing definitions 1

We denote with Pij the value the player i gives to the portion
received by player j with i , j ∈ N (N is the set of players)

(1) Envy-freeness

(1.a) 6 ∃i ∈ N such that Pij > Pii for some j ∈ N

(2) Proportionality

(2.a) if Pii ≥ 1
n

∑
j∈N Pij ∀i ∈ N

Envy-freeness can be expressed in terms of preferences: we say an
allocation is envy-free if no player prefers somebody’s else portion
to his own
Proportionality can be expressed only in terms of utilities
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Classical definitions 2

(3) Equitability

(3.a) An allocation is equitable (r1, r2) if each party believes the
portion it received is the same fractional part of the total value.

(4) Efficiency

(4.a) An allocation is efficient (r1, r2) if there is no other allocation
where some party is better off and no other party is worse off.

(r1) Steven J. Brams and Alan D. Taylor, “The Win-Win solution. Guaranteeing fair
shares to everybody”, W. W. Norton & Company, 1999
(r2) Steven J. Brams and Alan D. Taylor, “Fair division. From cake-cutting to dispute
resolution”, Cambridge University Press, 1996
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Formalizing definitions 2

We denote with Pij the value the player i gives to the portion
received by player j with i , j ∈ N (N is the set of players)

(3) Efficiency (Pareto)

(3.a) if 6 ∃ another allocation with evaluations Q such that (Qii ≥ Pii

and ∃i∗ ∈ N such that Qi∗i∗ > Pi∗i∗)

(4) Equitability

(4.a) if Pii = Pjj ∀i , j ∈ N so player i and j equally evaluate the
received portions.

Efficiency can be expressed in terms of preferences: we say an
allocation is efficient if there is no allocation that is weakly
preferred by every player and strictly preferred by at least one
Equitability can be expressed only in terms of utilities
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Aims of the presentation

In this presentation we use (r2) to
present a limited set of algorithms for the description of
allocations:

envy-free,
proportional,

for either n = 2 or n > 2 players and in cases of

divisible goods,
indivisible goods.

We could also relate the concept of fairness with that of
equity (r3) (but we do not do that, at least in this talk).

(r2) Steven J. Brams and Alan D. Taylor, “Fair division. From cake-cutting to dispute
resolution”, Cambridge University Press, 1996

(r3) H. Peyton Young, “Equity. In Theory and Practice”, Princeton University Press,

1994
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Main cases

From (r2) to we examine a selection of the following cases:

proportionality (≡ envy-freeness) for n = 2;
proportionality for n > 2, divisible case;
proportionality for n > 2, indivisible case;
envy-freeness and equitability for n = 2;
envy-freeness for n = 3 and n = 4;
envy-freeness for any n.

(r2) Steven J. Brams and Alan D. Taylor, “Fair division. From cake-cutting to dispute

resolution”, Cambridge University Press, 1996
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Other cases (next presentation, unpredictable future)

We (see (r2)) fully disregard the following cases:

how to use auctions to get a fair division (for an arbitrary n);
how to use elections to get a fair division (for an arbitrary n).

(r2) Steven J. Brams and Alan D. Taylor, “Fair division. From cake-cutting to dispute
resolution”, Cambridge University Press, 1996
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Characterization of the goods (r1)

(1) Divisible good

A good is divisible if it can be divided into parts without
destroying the value of its parts to the parties that get them

(2) Indivisible good

A good is indivisible if it cannot be divided without destroying
its value

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Characterization of the goods (r1)

(1) Divisible good

A good is divisible if it can be divided into parts without
destroying the value of its parts to the parties that get them

(2) Indivisible good

A good is indivisible if it cannot be divided without destroying
its value

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Characterization of the goods (r1)

(1) Divisible good

A good is divisible if it can be divided into parts without
destroying the value of its parts to the parties that get them

(2) Indivisible good

A good is indivisible if it cannot be divided without destroying
its value

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Characterization of the goods (r1)

(1) Divisible good

A good is divisible if it can be divided into parts without
destroying the value of its parts to the parties that get them

(2) Indivisible good

A good is indivisible if it cannot be divided without destroying
its value

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Characterization of the goods (r1)

(1) Divisible good

A good is divisible if it can be divided into parts without
destroying the value of its parts to the parties that get them

(2) Indivisible good

A good is indivisible if it cannot be divided without destroying
its value

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Characterization of the goods (r1)

(1) Divisible good

A good is divisible if it can be divided into parts without
destroying the value of its parts to the parties that get them

(2) Indivisible good

A good is indivisible if it cannot be divided without destroying
its value

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Characterization of the goods (r1)

(1) Divisible good

A good is divisible if it can be divided into parts without
destroying the value of its parts to the parties that get them

(2) Indivisible good

A good is indivisible if it cannot be divided without destroying
its value

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Cases of proportionality with n = 2, Bob and Carol

We have the following cases (r2):

divide and choose;
filter and choose;
Dubins-Spanier’s moving knife for 2 players.
Austin’s moving knives for 2 players.

They work for either divisible or indivisible goods or both.

They assure envy-freeness (and proportionality) but neither
equitability nor efficiency so they are not guaranteed to be fair.

(r2) Steven J. Brams and Alan D. Taylor, “Fair division. From cake-cutting to dispute
resolution”, Cambridge University Press, 1996
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Divide and choose, Bob and Carol

Divide and choose can be used both for divisible
homogeneous/heterogeneous goods and indivisible goods (such as
a list of items)
We consider separately:

(1) the divisible case,

(2) the indivisible case.
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Divide and choose, divisible case

Bob and Carol must share a single divisible good (a cake, a piece
of land).
Possibly with a chance move (the toss of a fair coin):

(1) Bob results to be the divider,

(2) Carol results to be the chooser.

Algorithm: Bob divides the good in two pieces between which he is
indifferent and Carol chooses the one she considers the best.
The algorithms guarantees envy-freeness (proportionality) but
neither equitability nor efficiency.
Bob can use at his own advantage a knowledge of Carol’s
preferences and Carol can act spitefully against Bob.
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Divide and choose, indivisible case

Bob and Carol must divide between themselves the items of a list,
none of which is divisible and without converting the items into
money.
Possibly with a chance move (the toss of a fair coin):

(1) Bob results to be the divider,

(2) Carol results to be the chooser.

Algorithm: Bob divides the good of the list in two sublists between
which he is indifferent and Carol chooses the one she considers the
best.
The algorithms guarantees envy-freeness (proportionality) but
neither equitability nor efficiency.
Bob can use at his own advantage a knowledge of Carol’s
preferences and Carol can act spitefully against Bob.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Divide and choose, indivisible case

Bob and Carol must divide between themselves the items of a list,
none of which is divisible and without converting the items into
money.

Possibly with a chance move (the toss of a fair coin):

(1) Bob results to be the divider,

(2) Carol results to be the chooser.

Algorithm: Bob divides the good of the list in two sublists between
which he is indifferent and Carol chooses the one she considers the
best.
The algorithms guarantees envy-freeness (proportionality) but
neither equitability nor efficiency.
Bob can use at his own advantage a knowledge of Carol’s
preferences and Carol can act spitefully against Bob.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Divide and choose, indivisible case

Bob and Carol must divide between themselves the items of a list,
none of which is divisible and without converting the items into
money.
Possibly with a chance move (the toss of a fair coin):

(1) Bob results to be the divider,

(2) Carol results to be the chooser.

Algorithm: Bob divides the good of the list in two sublists between
which he is indifferent and Carol chooses the one she considers the
best.
The algorithms guarantees envy-freeness (proportionality) but
neither equitability nor efficiency.
Bob can use at his own advantage a knowledge of Carol’s
preferences and Carol can act spitefully against Bob.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Divide and choose, indivisible case

Bob and Carol must divide between themselves the items of a list,
none of which is divisible and without converting the items into
money.
Possibly with a chance move (the toss of a fair coin):

(1) Bob results to be the divider,

(2) Carol results to be the chooser.

Algorithm: Bob divides the good of the list in two sublists between
which he is indifferent and Carol chooses the one she considers the
best.
The algorithms guarantees envy-freeness (proportionality) but
neither equitability nor efficiency.
Bob can use at his own advantage a knowledge of Carol’s
preferences and Carol can act spitefully against Bob.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Divide and choose, indivisible case

Bob and Carol must divide between themselves the items of a list,
none of which is divisible and without converting the items into
money.
Possibly with a chance move (the toss of a fair coin):

(1) Bob results to be the divider,

(2) Carol results to be the chooser.

Algorithm: Bob divides the good of the list in two sublists between
which he is indifferent and Carol chooses the one she considers the
best.

The algorithms guarantees envy-freeness (proportionality) but
neither equitability nor efficiency.
Bob can use at his own advantage a knowledge of Carol’s
preferences and Carol can act spitefully against Bob.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Divide and choose, indivisible case

Bob and Carol must divide between themselves the items of a list,
none of which is divisible and without converting the items into
money.
Possibly with a chance move (the toss of a fair coin):

(1) Bob results to be the divider,

(2) Carol results to be the chooser.

Algorithm: Bob divides the good of the list in two sublists between
which he is indifferent and Carol chooses the one she considers the
best.
The algorithms guarantees envy-freeness (proportionality) but
neither equitability nor efficiency.

Bob can use at his own advantage a knowledge of Carol’s
preferences and Carol can act spitefully against Bob.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Divide and choose, indivisible case

Bob and Carol must divide between themselves the items of a list,
none of which is divisible and without converting the items into
money.
Possibly with a chance move (the toss of a fair coin):

(1) Bob results to be the divider,

(2) Carol results to be the chooser.

Algorithm: Bob divides the good of the list in two sublists between
which he is indifferent and Carol chooses the one she considers the
best.
The algorithms guarantees envy-freeness (proportionality) but
neither equitability nor efficiency.
Bob can use at his own advantage a knowledge of Carol’s
preferences and Carol can act spitefully against Bob.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Divide and choose, general comment

In this case information plays a major role.
Generally speaking:

(1) divider is disadvantaged unless he [exactly] know the chooser’s
preferences,

(2) chooser can act spitefully so to damage the divider.
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Filter and choose, general case (a few hints)

In this case the filterer defines the two portions:

(1) one for the chooser,

(2) the remaining [implicit] portion for himself.

If the chooser accepts the division occurs, if she refuses both of
them take nothing.
The algorithms guarantees envy-freeness (proportionality) but
neither equitability nor efficiency.

(1) Game Theory: all the power to the filterer (a little is better
than nothing).

(2) Political Theory: all the power to the chooser (the power of
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Dubins-Spanier’s moving knife, Bob and Carol

It works for a divisible good (a rectangular cake) and if preferences
are private information of each player.
It requires a referee and a knife .

(1) the referee puts the knife on the left edge and moves it in a
parallel way towards the right edge,

(2) both Bob and Carol can call “cut” at any moment,

(3) the player who calls “cut” gets the portion at the left of the
knife whereas the other takes the remaining portion.

(a) yes envy-freeness and proportionality;

(b) no equitability: the silent player thinks he got more;

(c) no efficiency: there may be better solutions (a horizontal cut).
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Austin’s moving knives, Bob and Carol

(1) It is a variant of Dubins-Spanier’s moving knife (so it requires
a referee but two knives).

(2) It guarantees envy-freeness (and so proportionality).

(3) It guarantees equitability: each player can get, in his esteem,
half of the cake.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008
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Austin’s moving knives, Bob and Carol

(1) A referee moves as before a knife from the left edge to the
right edge.

(2) At any time one of the two players, say Bob, can call “stop”.

(3) A second knife is put on the left edge of the cake and Bob
moves both so that when the rightmost is on the right edge
the other is where the former was at the stop.

(4) While knives are moving (but the relative distance can vary)
Carol can call “stop” at any moment.

(5) Chance establishes who gets the inner portion between the
knives so that the other player gets the outer portions.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008
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Proportionality n > 2, divisible case

We have the following procedures:

(1) the Steinhaus-Kuhn lone-divider procedure (one of the players
acts as a lone divider whereas the others act as either
choosers or following dividers/choosers);

(2) the Banach-Knaster last-diminisher procedure;
(3) the Dubins-Spanier moving-knife procedure;
(4) the Fink lone-chooser procedure for n = 3 and its extensions

for n ≥ 4.
(5) Bob, Carol and Ted n = 3. Bob splits the cake in two for him

equal parts A and B. Carol chooses one and gives the other
to Bob. Bob and Carol trisects their own pieces. Ted chooses
two pieces, one from each triple, leaving the other two pieces
to Bob and Carol respectively. Ted is the lone chooser.
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Proportionality n > 2, divisible case

We have the following procedures:

(1) the Steinhaus-Kuhn lone-divider procedure (one of the players
acts as a lone divider whereas the others act as either
choosers or following dividers/choosers);

(2) the Banach-Knaster last-diminisher procedure;
(3) the Dubins-Spanier moving-knife procedure;
(4) the Fink lone-chooser procedure for n = 3 and its extensions

for n ≥ 4.
(5) Bob, Carol and Ted n = 3. Bob splits the cake in two for him

equal parts A and B. Carol chooses one and gives the other
to Bob. Bob and Carol trisects their own pieces. Ted chooses
two pieces, one from each triple, leaving the other two pieces
to Bob and Carol respectively. Ted is the lone chooser.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Proportionality n > 2, divisible case

We have the following procedures:

(1) the Steinhaus-Kuhn lone-divider procedure (one of the players
acts as a lone divider whereas the others act as either
choosers or following dividers/choosers);

(2) the Banach-Knaster last-diminisher procedure;
(3) the Dubins-Spanier moving-knife procedure;
(4) the Fink lone-chooser procedure for n = 3 and its extensions

for n ≥ 4.
(5) Bob, Carol and Ted n = 3. Bob splits the cake in two for him

equal parts A and B. Carol chooses one and gives the other
to Bob. Bob and Carol trisects their own pieces. Ted chooses
two pieces, one from each triple, leaving the other two pieces
to Bob and Carol respectively. Ted is the lone chooser.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Proportionality n > 2, divisible case

We have the following procedures:

(1) the Steinhaus-Kuhn lone-divider procedure (one of the players
acts as a lone divider whereas the others act as either
choosers or following dividers/choosers);

(2) the Banach-Knaster last-diminisher procedure;
(3) the Dubins-Spanier moving-knife procedure;
(4) the Fink lone-chooser procedure for n = 3 and its extensions

for n ≥ 4.
(5) Bob, Carol and Ted n = 3. Bob splits the cake in two for him

equal parts A and B. Carol chooses one and gives the other
to Bob. Bob and Carol trisects their own pieces. Ted chooses
two pieces, one from each triple, leaving the other two pieces
to Bob and Carol respectively. Ted is the lone chooser.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Proportionality n > 2, divisible case

We have the following procedures:

(1) the Steinhaus-Kuhn lone-divider procedure (one of the players
acts as a lone divider whereas the others act as either
choosers or following dividers/choosers);

(2) the Banach-Knaster last-diminisher procedure;
(3) the Dubins-Spanier moving-knife procedure;
(4) the Fink lone-chooser procedure for n = 3 and its extensions

for n ≥ 4.
(5) Bob, Carol and Ted n = 3. Bob splits the cake in two for him

equal parts A and B. Carol chooses one and gives the other
to Bob. Bob and Carol trisects their own pieces. Ted chooses
two pieces, one from each triple, leaving the other two pieces
to Bob and Carol respectively. Ted is the lone chooser.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Proportionality n > 2, divisible case

We have the following procedures:

(1) the Steinhaus-Kuhn lone-divider procedure (one of the players
acts as a lone divider whereas the others act as either
choosers or following dividers/choosers);

(2) the Banach-Knaster last-diminisher procedure;
(3) the Dubins-Spanier moving-knife procedure;
(4) the Fink lone-chooser procedure for n = 3 and its extensions

for n ≥ 4.
(5) Bob, Carol and Ted n = 3. Bob splits the cake in two for him

equal parts A and B. Carol chooses one and gives the other
to Bob. Bob and Carol trisects their own pieces. Ted chooses
two pieces, one from each triple, leaving the other two pieces
to Bob and Carol respectively. Ted is the lone chooser.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Proportionality n > 2, divisible case

We have the following procedures:

(1) the Steinhaus-Kuhn lone-divider procedure (one of the players
acts as a lone divider whereas the others act as either
choosers or following dividers/choosers);

(2) the Banach-Knaster last-diminisher procedure;
(3) the Dubins-Spanier moving-knife procedure;
(4) the Fink lone-chooser procedure for n = 3 and its extensions

for n ≥ 4.
(5) Bob, Carol and Ted n = 3. Bob splits the cake in two for him

equal parts A and B. Carol chooses one and gives the other
to Bob. Bob and Carol trisects their own pieces. Ted chooses
two pieces, one from each triple, leaving the other two pieces
to Bob and Carol respectively. Ted is the lone chooser.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Proportionality n > 2, divisible case

We have the following procedures:

(1) the Steinhaus-Kuhn lone-divider procedure (one of the players
acts as a lone divider whereas the others act as either
choosers or following dividers/choosers);

(2) the Banach-Knaster last-diminisher procedure;
(3) the Dubins-Spanier moving-knife procedure;
(4) the Fink lone-chooser procedure for n = 3 and its extensions

for n ≥ 4.
(5) Bob, Carol and Ted n = 3. Bob splits the cake in two for him

equal parts A and B. Carol chooses one and gives the other
to Bob. Bob and Carol trisects their own pieces. Ted chooses
two pieces, one from each triple, leaving the other two pieces
to Bob and Carol respectively. Ted is the lone chooser.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Proportionality n > 2, divisible case

We have the following procedures:

(1) the Steinhaus-Kuhn lone-divider procedure (one of the players
acts as a lone divider whereas the others act as either
choosers or following dividers/choosers);

(2) the Banach-Knaster last-diminisher procedure;
(3) the Dubins-Spanier moving-knife procedure;
(4) the Fink lone-chooser procedure for n = 3 and its extensions

for n ≥ 4.
(5) Bob, Carol and Ted n = 3. Bob splits the cake in two for him

equal parts A and B. Carol chooses one and gives the other
to Bob. Bob and Carol trisects their own pieces. Ted chooses
two pieces, one from each triple, leaving the other two pieces
to Bob and Carol respectively. Ted is the lone chooser.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008



Banach-Knaster last-diminisher for n > 2

It guarantees only proportionality.

(1) Players are ordered either by chance or by an arbitrator as
1 . . . n.

(2) The i-th player cuts a slice of the cake and pass it on to the
other players.

(3) Every following player can reduce the slice if he thinks it is too
big.

(4) The player who is the last to diminish the slice gets it and
exits the game.

(5) The remaining parts of the cake are collected in a smaller cake
and if more that one player is left we go back to (2) else the
last slice is given to the last player.
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Dubins-Spanier’s moving knife for n > 2

It guarantees only proportionality. It needs a referee.

(1) The referee puts the knife on the left edge of the cake and
moves it in a parallel way towards the right edge.

(2) One of the players can call “cut” at any moment.

(3) The player who calls “cut” gets the portion at the left of the
knife and exits the game.

(4) If there are at least two players left we go back to (1).
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Proportionality n > 2, indivisible case

We need procedures for the cases of indivisible goods whose value
is destroyed if they are divided (no partial allocations). We only
mention the following procedures:

(1) the Knaster’s procedure of sealed bids (efficient but not
envy-free) uses an auction like mechanism to allocate goods
and distribute money compensations from players who gets
more to players who gets less;

(2) the Luca’s method of markers (neither efficient nor envy-free)
that uses an ordering of the goods and markers from the
players to define n segments of goods.
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Envy-freeness and equitability for n = 2

We have the following procedures:

(1) the Adjusted-Winner procedure (strategic behaviour);

(2) the Proportional-Allocation procedure (less manipulable, less
efficient);

(3) the Combined procedure (a sort of “fusion” between AW and
PA);

(4) more than 2 players: there may be no way to assign points to
players that is efficient, equitable and envy-free (so only
proportionality is saved).
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Adjusted Winner (AW) for n = 2

It allows a division of the goods from a common list of m goods
b1, . . . , bm between two players. The procedure is:

(1) envy-free so is

(2) proportional;

(3) equitable;

(4) efficient.

AW is based on the assignment from both players of a non null
portion of 100 points (common scale) and is made of two
consecutive phases:

(1) win, where the single players gets the goods on which they
win by putting more points than the other;

(2) adjust, where goods are transferred from one player to the
other so that both can get the same amount of points;

(2) only the good on which equitability adjustment is made need
to be divisible.
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Adjusted Winner (AW) for n = 2

Each player puts some points on each bi .

(1) Each player gets the goods he values strictly more than the
other.

(2) If the goods are over and if both players get the same sum of
points we are over otherwise we can try to obtain a parity
firstly assigning (one after the other) to the lower score player
the goods on which they put the same amount of points.

(3) If in this way we get a parity we are over otherwise we must
transfer a good (or better a portion of it) from the higher
score player (be it 1) to the lower score one (be it 2).

(4) To find such a good we evaluate for each good of 1 the ratio
of 1’s points to 2’s points for that good. We then choose the
good with the lowest ratio and split it as α and 1− α so to
attain parity.
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Adjusted Winner (AW) for n = 2
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Adjusted Winner, an example

I II

A 35 55
B 6 1
C 8 1
D 8 1
E 5 6
F 18 17
G 15 15
H 5 4

Total 100 100

(1) I wins B, C , D, F and H for a total of 45 points whereas II
wins A and E for a total of 61 points.

(2) We have a draw on G and we assign it to I to get respectively
60 and 61 points.

(3) We can obtain perfect parity by transferring 1
11 of E from II to

I (we suppose E is perfectly divisible).
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Proportional Allocation (PA) for n = 2

It is a variation of AW. The procedure is:

(1) envy-free so is

(2) proportional;

(3) equitable;

(4) not efficient since the players can exchange fractions of goods
so to be both better off.

(1) PA is based on the assignment from both players of a non null
portion of 100 points (common scale);

(2) given bk , if 1 assigns xk and 2 assigns yk points . . .

(3) 1 gets a fraction xk
xk+yk

and 2 gets a fraction yk
xk+yk

. Fraction:
time/value/portion.

(4) If we have bs and bt such that xs
xt
< ys

yt
it is possible to

exchange a fraction α of bs with a fraction β of bt so that
both players are better off.
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Proportional Allocation, an example

A B C D

I 10 20 70 0
II 30 40 0 30

A B C D Total points

I 1
4 2.5 1

3 6.66 1 70 0 0 79.16
II 3

4 22.5 2
3 26.66 0 0 1 30 79.16

A B C D Total points

I 0 0 1
2 10 1 70 0 0 80

II 1 30 1
2 20 0 0 1 30 80
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Adjusted Winner, the same example (tricky, 0 divisor)

A B C D

I 10 20 70 0
II 30 40 0 30

(1) I wins C ;

(2) II wins A, B and D;

(3) we evaluate the ratios 30
10 and 40

20 and take the lowest;

(4) we solve 30 + 30 + α40 = 70 + (1− α)20 to get α = 1
2 ;

(5) both I and II get 80 points;

(6) in this case all the goods are divisible, in any case at least one
must be divisible.

(7) Divide the indivisible: convert into money, probability,
time-sharing.

Lorenzo Cioni The lion’s share. Is fairness easy? (WIP) 26 February 2008
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Example of point assignment for n = 3

G1 G2 G3 Total

A 40 50 10 100
B 30 40 30 100
C 30 30 40 100

(1) (A,B,C)=(G1,G2,G3): efficiency and equitability but not
envy-freeness (A envies B),

(2) (A,B,C)=(G2,G1,G3): efficiency but neither equitability nor
envy-freeness (B envies A),

(3) all the items to one player: efficiency but surely neither
envy-freeness nor equitability.
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Envy-free procedures for n = 3 and n = 4

The players aim at envy-free allocations (⇒ proportional).
We only mention the following procedures that can be used to
divide constructively (specifying an algorithm) an heterogeneous
good:

(1) the Selfridge-Conway procedure for n = 3;

(2) the Stromquist moving-knife procedure for n = 3;

(3) the Levmore-Cook moving-knife procedure for n = 3;

(3) the Webb moving-knife procedure for n = 3;

(4) other procedures for n = 3 or n = 4.
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Envy-free procedures for any n

We only mention the following families of procedures:

(1) approximate procedures;

(2) infinite procedures;

(3) finite procedures;

(3) the use of trimming procedures to indivisible goods.
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Equity, what it is concerned with

Equity is concerned (r3) “with the proper distribution of resource,
rights, duties, opportunities, and obligations in society at large”
(theoretical view).
Equity in concrete situations where it may be confronted with
fairness.
Equity is at the centre of distributive problems.
Equity is shaped (r3) by cultural values, precedent and by the
specific types of goods and burdens to be distributed.
Equity has to do (r3) with fair allocations.
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Equity and fairness

Equity is “fairness” + claims + culture .
Example: equitable allocation of a piece of land under conflicting
legitimate claims. A claims the whole land, B claims the east half
of the land. Possible solutions.

(1) Proportionality: A gets 2
3 of the land B gets 1

3 of the land
(possibly on the east side).

(2) Uncontested portion: A gets 1
2 + 1

4 = 3
4 of the land (the

uncontested portion and half of the other one) B gets 1
4 of

the land (half of the contested portion, on the east side).

(3) Modified uncontested portion: A gets 1
2 + 2

3 ∗
1
2 = 5

6 of the
land (the uncontested portion and two/third of the other one)
B gets 1

3 ∗
1
2 = 1

6 of the land (on the east side).

(3) Other solutions?

Legitimate claim: is a claim that is well grounded and sound under
given habits and conventions.
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Untouched issues

Things we completely disregarded include (but are not limited to):

(1) simple or balanced alternation procedures,

(2) sophisticated (or strategic) procedures,

(3) arbitration procedures,

(4) allocations with entitlements and or of chores,

(5) mixed allocations (goods and chores, divisible and indivisible
but with the exceptions of AW and PA).

Entitlement: the minimal portion of a good or goods that an actor
must receive under a fair-division procedure.
Chores: the opposite of goods, also called bads.
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Conclusions

(1) Fairness is a hard task even for n = 2 (do you remember the
orange affair?):

(a) only proportionality is easy;
(b) equitability and efficiency are hard to get;
(c) envy-freeness is tricky.

(2) Advanced ad left-out topics in the next talk, coming soon.

That’s all, folks!!! Thank u...
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